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ALGEBRA. 



INTRODUCTION. 

iXLOBBRA 18 that branch of Mathematical science, 
in which number and quantity and their several 
relations are made the subject . of calculation, by 
meaas of certain signs and symbols, the nature and 
meaning of which are explained in the following 
Definitions. 

l. 

DSFINITtONS, . 

I • Quantities whose values »re known or determined, are 
j|enera)ly expressed by the first letters of the Alphabet, a, by 
€j dj &c.; and unhumm ot undetermined quantities are 
eommoiily represented by the last letters of the Alphabet^ 
X, y, «, &c. 

2. The multiples of these quantities, such as, twice A, 
three times b^ Jive times jt, &c, are expressed by placiog 
numbers before them thus, 2a,;3£,5x, &c.; ai>d the numWs. 
2^3,5^ &c. thus prefixed are called the coefficients of a, b, Xp 
tie» in the several quantities 2a^ SI, Sx, &c. 

♦ B 3. The 



2 INTRODUCTION. 

3. The sign + (plus) placed between two or more quan- 
tities means that those quantitfes should be* added together ; 
thusy a + i+x+Stc. means the sum of the quantities a^h^Xy 
&c. ; and the 6ign — {mirms) placed before any quantity 
means that such quantity, should be subtracted from the 
quantity or quantities with whioh it is combined; thus^ a— & 
means the difference betwieen a and t; and a + h-^-Cy the 
difference between a+£ and c. 

4. In the general expression fl + 2J— 4x+Sy— 5« &c. 
«uch quantities as have the sign + .prefixed to them are 
called positive or nffirmative quantities ; and such as have the 
sign — prefixed to th^, are called nfigative quantities. If 
no sign be prefixed to a quantity, then the sign + is under- 
stood ; thi^s in the foregoing expression the positive quantities 
areti, ^2tj +3y, add IVe negative cJhes — 4ir, —5»,* 

5. The general sign for the multiplication of quantities 
is X; but the manner. of* expressing the product of two or 
more quantities is* .varied according to circumstances, tte 
product of quantities consisting of isingle letters Is expressed 
by placing those "letters one after another, according to the 
order in which they ptand in the Alphabet; thus, the pro- 
duct of a and I is expressed by oi ; of a, i, and x, by aix; 
of ^a, Xf and y, by .3axy ; &c. &c. The product of a + b 
aiid\c-^d is expressied by ci + ixc+d, <K a^b .c-^-dy or 
^-i-b) (c-fi2)^ in.. Uie twb former oa^e^, .Ih^ line drattn oyer . 
d-^l sxidc-^d, to mark them as distidet quantities^ is called 
9i vinculum. 

6. The sign -r- ^IflX^d b^treto tivo quantities means that 
tlie former of those q^aYif$ti^ Is • to be diiAded bV the latt)*r ; 
thus^ a -T- J means thatii is to be divided by b; a+J-rC+d, 
that a + b is to be divided hy c+d, fi'ut Ihis division \s more 
simply expressed by making the former qrianfi'ty the rt^me-^ 

rator. 
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raidff aiirf * th^* lattet flie derMnimtor • of I 'a fraetito ; • thiis^ 
J ^expresses tljie, quotient of a and hj and -^ the quotient 

.7v >; The pQUJ&r^ «f algebraic quantities ars en^iess^ihy 
placing a small figure (equivalent to the nun^ber of faclors^ 
and falle;^ tl^e int^ot expm^ of the B^wer) at .the right 
hand of the letter } thus^ 

axa- V • \ i • . . cir the: square of a . « is ex^r^^sed bjjr <i% 

^ X ^ X ^ orthe cube' of b . v. ^ , .. * .' . - . hj l^ 

xxxxrxx . . . or the fourth power of X \ij. x^. 



a^'Sxa-f^iXa+O oi the cute of a+lf . , by a+iK 

and so pni ' / , 

'S; Vha roots of quantities a>e ie^^pressed by the sign y>/, 
^•Tth iJhe proper index annexed; thus, , 

^ a, 9r A,/v<^ ^Yfprt«»^-^be ^gscar^ root <}{ a, 

,<>^^ • • ■••/.^ • • • ^ • • ^^^9Qt9ihy 
' ^ a^at . . . . . . four A or higuadfat^ root of a +x^ 

andsQon. . The rootst of quantities may also be expressed by 
Jracti&nal indices i but this method of notation requires an 
explanation, which will be given in Chap. III. 

Mic'JU^d tpwutities :am pwpb d^.csonslei of^xbe samfMff^f 
t)r i)[^ same combination, of letters; thus, 5a and 7. a; 
Aal and 9a8V 2tx* and 6ix* ; &c. are called like quantities 5 
and unlike quantities are 'such ' as consist of different Utters^ 
or of different corhbinoAons' qf letiisrs; thus, 4 a, 3i, 7a ^, 
5/^07% ^c. are t^fiZiie quantities. , . x . 

10. Algebraic quantities have also different denominations^ 
i^t:ording to the'nunpber of terms (connected by the si^ns 
+ or — ) of which they consist ; thus, ' 

a/2i, 
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41, 2b, Sax, &c« quantities consisting of one term, are ' 

called simple quantities. 
a+x, SL quantity consisting of tivo terms, is called a linomial, 
l-^c (that particular species of binomial which exfiresses the 

difference between two quantities) is called u residuaL 
tx-i^Jf—Xf a quantity consisting of *^Ar€e terms, is called a iiri' 

nomiaL - 
a*^+iy— 3c+rf, a quantity consisting of fdur terms, is 

called a qmdrinomiaL 
a+^T-cH^^-^y &c. a quantity consisting of an indefinite 

numberofjterm^ amz^Z^titomfa/. 

U. The sign =: placed between two or more quan- 
tities, expresses the equality of such quantities ; thus^ 
*^a4.i=c+rf," means that a+& is ec|ual to c+d*, and 
" ffx+fty==ra:+flfy=2x+/y/* mean that the quantities 
ax+lryy cx+dy^ and ex+jfy^ are all equal to each other» 
When quantities are thus connected together by this sign of 
equality, the expries^ion itself is called an equation. 

12. In algebraical operations -the word tkerefrfe, or 
consequently^ often oocurs, • To expries^ this.wprd, the symbol 

^ .*. is generally made use of; thus, the sentence ^^ therefore 
a + b is equal to c+4" is expressed by " /. a-j-bssc+d.^^ 

ExempljficcUipn of the Algebraic Signs and Symbd^. 

13. The use of these several signs, symbols, and abbre^ 
viations, may be exemplified in the following manner : 

EXAMPLR I. 

In the algebraic expression a + ^^-^^r let a=9, £=7^ <aid 
0=3; then 

a+J-c=9+7-3 

= 16-3=13. 

Ex.2. 
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. Ex. 2, . . '•','. 

l^ tlN^^^Pfe^sioi) {ix+ay—xyylet aac5, j?a=2, yss7j 
t}ien, to find its value^ we hav;e , v v ; 

ax+ay-: jpy as5 X 2+5 X 7 -^2 X 7 
= 10+35-14 
=45;-14=c31, 

Ex.3.. , : 

What is the value of ^jr^^y ^M«re a=5, i=s3, j»=:7, 

aindyas5? - • 

Here ax+iy =5x7+3x5 3835 + 15 =50, 
andi+x=S + 7 = 10f • 
aa?+iy ^50_- 

•'• *+x -lo^^v : J 

Ex.4. 

ax*+t* 
Ib the expresa^on j ^ — , let a =8, i=5, c=2, »=6; 

%Vhat is its numerical value? 

Here aa:;+A*=3 x6 X 6+5 x5 = 108 + 25 =133, 
and £x-a'-c=5x6-3x3— 2=30-9-2=19; 
. flg^+P _133 

Ex. 5. 
There is a certain algebraic expression consisting of ^x 
^^erms connected together by the sign plus ; the first term 
of it arises from multiplying three times the square of a by 
the quantity b ; the second term is the ^m q^ the squares 
of a and b divided by the quantity c; the third is the product 
of a^ b, and c; the fourth is two thirds of the product of 
« and it; the fifth arises froih divtdmg the square of a by 

the 
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the cube of b; and. the last term is a fraction^ whose 
binomial numerator is the diff&rence between a and b, and 
whose /rmomiaZ denominator i^. tUe 0uill of "tHe ct^fs'of a 
and b and the fourth power of c. 



All this is expressed in one line pf algebraic writings thus 5 

'b' 






Leta=4 ^, ^^^'^ ^^^ value of this quantity is, 
cr=2j or. 
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CHAP. I. 

ox THJC 

ADDITI6N, SUBTRACTION, MULTIPLICATICW 

AK1> 

DIVISION OF ALGEBRAIC QUANTITIES. 



14. PftEvious to the application of the Kindamental 
rules of Arithmetic to Algel^aic quantities, it may be , proper 
to observe, thOtt the symbols + and .— are distinguisl^ed from 
all tlie other si^ns or symbols, by giyiiig a kind of (quality fir 
ajpsciion to t^ie^ quantities to which ^bey are annexed. As 
all; those terms which have the sign + prefixed to them are 
to be added^BXid those which. haive the sign,— ))r£fi^ed to 
them are to be. subtracted^ from ttie terms which' precede 
them, tte former have A tendency to. increase^ arid 'Ac latter 
to diminishi the quantities w}th which they are coml)ined. 
A compfmnd «piantity^ x-^a for instance, will therefore be 
positive or negative, aficording to the effect which it produces 
Hpon some third quantity c. Thus, if q? be greater than a, 
then ^+x—a (since x^ is added and a subtracted) is greater 
thane; if a; be less than a,-then c+x-— a is less tban^c^ 
i.e* *' if X he greater than a, ar— a is po^tive ^ and if x be 
h^ tihaD a,; tiveh a;>^a Is negative.^' In the sam^ knaitier 
iV ihigtit \^ sheMm;'tfiat the : exptessioh ur-i+^-r-d is {Nmtiye 
^ m^tire, «)pcw4iiK 9:s^€t*\^v is giM^er 6r Itee th»ci/Hi2) 
akd!Jb(tf.kllebmp(Acfid^qu|ftftiMtsv^t^vler., . >/ 

.iio . . •/■ *, : • ' • 
ADDITION. 
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III. 

ADDITION. 

From the division of algebraic quantities into'posi^tt;^ and 
negaiiue, like and unlike, there arise three cases of Addition. 

Casb I. 

To add, like qtumtities with like signs. 
15. In this case, the rule is '' Te add the coefficients of 
^^ the several qaantities togetker, and to the result annex the 
'^ comihon »ign, and the common letter or letters ;*' for it is 
evident; from the common principles of Arithmetic, if-f 2a^ 
+3a, and -f 5a be added together, their sum must be+lCta; 
and if— 3^*, ^4^% <^d —86* be added together, their suni 
must be*7l5i*. 

Ex. 1. ' Ex. 2. Ex.8. 

2j:+ 3a- 4b . 7a?*+ Sly- Sbc 4fl»- 3a*+ 1 

3*+ 2a- 5b 9j?*+ 2jt;y- 7be 2a*- o*+17 

4x+ 8a- 76 llx*+ 5jy— 4bc Sc?-- 2a" f 4 

9x+ 4a— 6i x*+ 4«y— be Scf-- 7a + 3 

5x+ 7a- 9b x*+ 9j:y- 2bc a'- a*+10 

28x+24^lir 29a:"+23ay-lWc 15a»-Ua"+35 

Ex. 4, Ex.5. Ex. 6. 

3x^+4x*- a? 7a*-3a^i+2a6"-36' 2x"y-Sx+ 2 

2x»+>*-3x 4a'- a*b+ ab^- V 4xV-2x+ 1 

7a'4- V-2x o'-Za^i + Sai^-SP 3x*y-5x+10 

4x'+ X*- X. 5a'-V6 + 4a6"-2i' xV- JC+IS 



* in the^e Rxamples it may be observed that some of the 
qoAnti^aes have-.no coefficient. In this case, unity or 1 is 
flhuaysuadersthadi Thus, in adding up the first column of 
Ex. 2. we say, l + I + U49+7=«>29; in the thirds 
2+1+4+745 = 19; and so of the rest. 

Cash 
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Casb II. 

To add like quantities with unlike signs, 
16. Since (by Art. 14) the compound quantity a + i— c 
-frf—e&c. is positive or negative, according as the sum of 
the positive terms is greater or less than the sum of the 
negative ones, the aggregate or sum " of the quantities 
2a— 4a+7a— 3a will be +2fl, and of the <juantities 
74^-5J*+2J'-8t* will be-4i*; for in the former case the 
excess of the sum of the positive terms above the negative 
ones is 2a> and in the latter 4i*. Hence this general rule 
for the addition of like quantities with unlike signs, ^^ Collect 
*^ the coefficients of the positive terms into one sum, and also 
*^ of the negative 'j subtract the lesser of thfese sums from 
** the greater *y to this difference, annex the sign of the 
^^ greater together with the common letter or letters, and the 
*^ result will be the sum required.*' 



If the aggregate of the positive terms be equal to that of 
. the negative ones, then this difference is equal to ; and con- 
sequently the sum of the quantities will be equal to 0, as in 
the second column of Ex. 2. following. 



Ex. 1. 

4a?*-3ar+ 4 

— 2a;'+ix— 5 

. 3x^--5x+ 1 

7x'+2x-' 4 
— x"— 4a;+13 



Ex. 2. 

— 7at-h3ic— xy 

— ah'{'2bq-{-4xy 
Sab— l€'\'2xy 

■--2ab-\'4bc—Sxy 
BabSbc-^ xy 



11x'-.9j7+ 9 -2ab * +3xy 



Ex. 4. : 

4a? -- 2x+3y 

- x^+ 4x— y 

7a?— Xr\-9y 

9a?'+2lX'-2y 



Ex. 5. 

5a'-2ai+ b' 

-(^+ ab-2b' 

4a'-3ai+ i* 

2a'+4ai-4i' 



Ex.3. 

-5x^+13x' 

-20?- 4x' 

ra?-^ x" 

9x'-14x'* 

-13x'-2x* 

- 4x'-6x" 



Ex.'6. 
' 4xy+2xy-3 

— xy— xy— 1 

3xy-^4xy-5 
-9xy-2xy + 9 



Casb^ 



10 ADDITfON. 

Case III. 

17. ThfiFQ now only remains the* case where tmlih qwin-* 
titles are to be added together^ which must be done by col^ 
lectiog them together into ope line^ and ann^ng their 
proper signs; thus the sum of Sx, — 2«, ^Sb, ^^y% i* 
Zx—^a+hh'-'Ay'y except when like and unlike quantities 
ure mixed together^ as in the following examples^ where th^ 
e2q>ressions may be simplified^ by collecting together such 
quantities as will coalesce into one sum, 

Ex. 1. ^ 

4c — 2y+ ^ I Collecting together like quaa- 

5<£Zf— 3c+^ I titles, and beginning with ZcA^ 

Ay +jc' — 2y f we have ^ah^iah^^b\ +« 

8ai+2x-y+c+rf^.j:" I +«= + 2x; -y-2y+4y- 

-^rv^i^ . ' .., ,.mx. n / 2y=3^y; 4c---3cs3+c; besides 

which there are the two quantities +<j and -f x^^ whidi 
do not coalesce with, any of the others; the sum required 
therefore is 8ai + 2x — y + c+ rf+ x*. 

!Here4x'^x'=3x' 
r-2xi/+xy=— «y 
+4it»+3x^+5x^=:+12x» 
-y«+y*=0 
, -2xs=-.2x. 



IV. 
SUBTRACTION. 

18. If it were required to subtract 5—2 (i.e. 3) from 9/ 
it is evident that the remainder would be greater by 2, than 
if 5 only were subtracted. For the same reason^ if &— c 

were 
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were subtracted from u, the remainder would be greater by c, 
than if h only were subtracted. Now, if b is subtracted from. 
«, the remainder is a— i; and consequently, if b^c be sub- 
tracted fsom a, the remainder will be a^b+c. Hence this 
general Rule for the subtraction of algebraic quantities^ 
^^ Change the signs of the quantities to be subtracted, and 
^^ then place them one after another^ as in Addition/' 

Ex. 1. 

Prpm 5a+3x— 2i, take 2c— 4"y. The quantity to be 
subtracted with its signs chcenged, is^2c+42f; therefore 
the remainder is 5a+3x— 2i— 2c+4y. 

Ex. 2. 

Prom 7x*— 2x +5, take 3«*+5«- 1. 
Thertoiainderis 7x'— 2x -f 5 — 3x*-T5jr7+I, 

or 7a^— 3«'— 2x-5ar +5 + I =t=4x*— 7a?+6. 

But when ZiAe'quantities ,are to be subtracted frotpi eadi 
other, as in Ex. 2.,, the better way is to set one row under 
the other, and apply the following Rule ; '^ Conceive the 
^^ signs of the quantities to be subtracted to be chahged^ and 
^^ then proceed as in Addition/' 

Ex.3. Ex«4. Ex.5. 

From 7jc*-2x+5 12a*— 3a+ i-1 5y*-4j^+3a 
Subtract 3x'+ 5a;- 1 6a'+ a-2i+3 6j*-4y- a 

Remainder 4x"— 7a? +6 6a*— 4a+:^ir--4 — y* * 4-4a 



Ex. 6. Ex. 7. Ex. 8. 

From 7jr:y + 2i?— Sy 14a:-f-y-«— .5 13jc'-2x*+7 

Subtract 2xy— *+ y a:+y+«— H — «'+ ^'—6 

Remainder/ ^ 

"""""""""^ MULTI- 
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MULTIPLICATION. 

19. In the multiplication of algebraic quantities^ the four 
fc^lowing Rules must bci observed, 

I. When quantities having like signs are multiplied to-' 
gether, the sign of the product will be -f 5 and if their signs 
are unlike^ the sign of the product will be— .* 

II. The coefficients of \X\q factors must be multiplied, 
together, to form the coefficient of the product. 

1X1. The 



* This rule • for tbc muUiplication of the Signs may be thu» ex- 
plained: • 

, J. If -f- a is to be muItfpHed by -{-hy it means, that -^aU to be added 
to itself as often as there are units in b, and consequently the product 
will be -f- ob, 

II. If —a is to he multiplied by +5,. it means, that— a is to be 
added- to itself as often as there are units in b, and therefore the product 
is — a (. 

III. if -{-a is to be multiplied by — 6, it means, that -\- a is to be 
Bubtracted as often as there are upits in b, and consequently the product . 
is — ai. 

IV. If— a is to be multiplied hy—by it means, that —a is to be sub- 
traeted as often as there are units in b ; and, since to subtract a negatite 
quantify is the same as to add a positive oney the product will be -|-a6. 

Or, these Four Rules'mig^ht be all comprehepded in one; thus. 

To ii)ultiply a— bhy c-^d, is to add a-^b to itself as often as there 

are units in e^d;^ now this is -done by adding it e times, and subtracting 

it d times ; ' 

Bvit a -^ b, added c times . . . zzae—bCf 
and a — b, subtracted d times :=; — a d-i-b d, 
/^ a^-'bXc-^d ...... znac-^bc'^d-^bd. 

i.e. +oX' +<?=+«<? 

-frtX— rf=:— arf 
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III. Thel^tors of which Ui^y w(e compoaed must be set 
down^ one after another, according tQ their 'order in thti 
Alphabet. ' 

IV. If the iam^ letter is found in both factorjs, the indices 
of it must be added together, to form the index of it in the 
product, 

Thu8, +a multiplied by +i is equal to •+-«*>. and — « 
multiplied by — i is also equal to -f ai j +3a:x -~5y= — 
\bxy\ -^Sabx -^icdzsz^nabcd; -4a'i*x — 3a^d*= 



4^1l2d*i'd%'&c. &c; 

From the division of algebraic quantities into simple and 
compoundy there arise three cases of Multiplication; Iii 
performing the operation, the Rule is, ** To multiply ^rs/ th6 
signs, then the coefficients, and cLfterwards the letters." 

Casjs I. 
20. \Vhen Z'p/A factors are simple quantities;^ for which 
the Rule has been already given. 



Ex. 1. 
4db . 
3a 


Ex.2. 
2axy 
-3y 

—6axy* 

Ex. 6. 

9xY 
. -2y 


Ex. 3. 

— Sabc 
Sa^b - 


Ex.'4. 

-ba%c 
- 2iV,, 


Ua'b 


-15a»i'c 


+ 10a*i»c^B^ 


Ex. 5. 

.4abc 
Sac 


Ex.7. 

—Acdx ■ 
-2c 


Ex. 8. 

-7axN/ 
—2ac*x 


J ,.L . ' 




% 



Case II. 
21. When bhe factor is compound and the other simple, 
'- Then eacA term of the compound factor must be multiplied 

''by 
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^* by the titnple fector.as in th« laftt Case^ dad tiie result will 
** be the product required.*'- 



Ex.1. 


Ex.2. 


Multiply 3ab^2ac+d 
by 4a 


3*» -2»*+4 
-Uax 


Product 12a'i--8aV+4ai 


-42ax*+28a!ii?-56ax 


" Ex. 3. 


Ex.4. 


Multiply 7jc' -2x +4a 
by — 3a 


12«'-2a*+4a-l 
3x 


Jftroduct -2lax'+«aa;-lia' 




Ex.5. 


Ex.6. 


Multiply 9a'*a:+3a— a?+ 1 
by - X V 


4x'y+3«-2y 
-3xy 


Product 


1 



Case III. 
22. When both factors are compound quantities^ each term 
of- the multiplicand must be multiplied by each term of the 
multiplier ; and then placing like quantities under each other, 
the stim of all the terms will be the product required* 

Ex. I. Ex.2. Ex.3. 

Multiply a + h a+b a^+ab-^V 

bya+fr a— b a ^ b 



lst,byA..a"+ ab a'+ab tf+a^b^aV 

2d, by ^ . ._a^j-t* -ab ^b'' ^a'b^ab'-'li' 

Product a'+2a&+&' <^ * ^^ ^^ ♦ -i* 

' ' Bx..4. 





MVUXmOATIOM. 


Ex. 4. 


Ex. 5. 


3«*+ 2x 


3a^- 2x +5 


4«+ 7 


6«- 7 


12x»+ 8x' 


18x»-12j^+30« 


+ 2\x* 


+ 14x -21x*+14x-35 


12x'+29t' 


+ 14x- 18»'-33x'+44«-35 




Ex. 6. 


Uac - 


- 3c* + 2 


ac - 


- ab + I. 
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14 oV- 3<^lc+ 2ac 

-U<^bc +3o*A*-2oi 

+ I4a£ — 3a&4-2 

14«V-I7a*Ac+16flc+3oT-5ai+2 
Ex.7. 

« 5 . 

ix+2 

3 6 ^9 
3 

3 6 9 3 

n ■ ' ■ ' = 

Ex.8. Multiply a'+3a'i+3ai*+i' by . . a+J, 

Answer^ a*+4a*i+6a"i'+4ai'+t\ 

Ex. 9. . . . . • 4x*y+3«y-l , • . by . . 2a:*-«. 
Answ. 8x*y+2a;'y— 2x«— 3x*y+x. 

Ex. 10 a^-a;'+a:-5 .... by . . 2x'+«+l. 

Answ. 2x*-jc«+2a:'- 10x*-4jj— &. 

Ex. U. 
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Ex- 11. Multiply 3a'+2ai-i' . . by . . 3a^-2ab+l\ 
*Answ. 9 a* -4 «• i' + 4 a i» -b\ 

Ex. 12 a^'+x'^y+ary'+y' by . . x—y. 

An&w. ir*— y*. 

\ ■ 3 1 

Ex. 13 x'— -:r?+l . . • • by . . X --jc. 



.VI. '. 
DIVISION. 

23. In the Division of algebraic quantities^ the same cir- 
cumstances are. to be taken into consideration as in their 
multiplication, and consequently the four following Rttles 
must be observed. 

I. That if the signs of the dividend and divisor be like, then 
the sign of the quotient will be + ; if unlike, then the sign 
of the quotient will be — .* 

II. That the coefficient of the dividend is to be divided by 
the coefficient of the divisor, to obtain the coefficient of the 
quotient. 

III. That all the letters common to both the dividend and 
the divisor must be rejected in the quotient. 

IV. That 

* The Rule for the signs follows immediately from that in Multi- 
pKcatiOn; thus^ 

. ^ ._ . --tf*^ , , — «» ' > produce +, 

+« - 6 I aDd unHhe 

-ax -6=+«^ . . . ±^=-6, aid ti!l=,.«3siri« - , 
—a. — 6 
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rv. That if the tame letter be found in both the £yidend 
and divisor with different indices^ then the index of that letter 
in the divisor must be subtracted from its index in the dividend, 
to obtain its index, in tbe quotient. Thus, 

+ahc 
+ ac 
Babe 



I. + abc divided by +ac . . # * or 

II. +6abc -^2a ... or 

III. — 10j?j/« . . .^ , . +5y 



-2 a 



.or ri25S2 
+5y 






IV. -aOaVy* -4axy . . or r^^^'^V s ^Saxy\ 

-^Aaxy ^ 

Of Division^ also, there are three Cases ; the same as in 
Mtdtiplication. 

Cask I. 

24. When dividend and divisor are both simple terms. 



Ex. 1. 


Ex. 2. 


Divide 18a«* by Sax. 


Divide I5a*l* by-5c. 


Sax 


—So 


Ex.3. 


Ex.4. 


Divide-28xyby-4«y. 
— 4xy 


Divide 25 o**^ by- 5 oV. 
+25a'c* 
-5a*c 


£x.5. 


Ex. 6. 


Divide- l4o»4*c by 7oc. 
+7ae 


Divide — 20«'yV by— 4yx. 
-20a;*yV_ 
— 4y». 



Case II. 

25« When the dividend is a compound quantity, and the 
divisor a simple one ; then each term of the dividend must 
b^ divided separately^ and the resulting quantities will be the 
quotient required. 

i> . ' Ex. 1. 
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Ex. 1. 

Divide 42a*+3ai+l2a' by 3a/ 

3a 

' ' -. ••'■ * Ex:2. '■ 

Divide 90aV-i8ax*+4i^*x-2ai? by 2a«. 
90aV-^18flx-+4a'x-2aa; ^^,^;.^Q^^^^^, 
. , 2aoo 

Ex.3. 

I?ivide4i^^2i;'.f2xby !2x. ' " ^ 

4j^--2^+2x_ 

Ex.4. 
Divide— '24a'x*y-r3airy+6a:*y*by— 3a:y. 

Ex.5. 

. Divide 14at'+7aT-21aT+35a'iby 7 aTr. 
. 14a^^+7^T,-2la°[;^+35a^t 

Case III. 

26. When dividend and divisor are loth compound quanti- 
ties. In this ease^ the Rule is, " to arrange both dividend and . 
*^ divisor according to the powers of the same letter^ beginning 
" with the highest J then find how often the first term of the 
" divisor i% contained in the first term of the dividend^ and 
^^ p)ace the result in the quotient ; multiply each term of the 
*' divisor by 'this quantity, and place the product imder the 
** corresponding (i: e. like) terms in the dividend, and then:, 
" subtract it from them ; to the remainder bring down as. 
^^ many terms of the dividend, as will make its number of terms 

" equal 
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^^ equal to that of the divisor ; and then proceed as before, till 
^ all the terms of the dividend are brought down, as in common 
*' arithmetic". 

' Ex. I. 

Divide a'-3a'i+3ai'-i» by a-h. . 

^ a'- a'l' • 

-2fl^Z>+2ay 



In this Example, the dividend is arranged, iiocording to the 
powers of a, the first term of the divisor. Having done this, 
we proceed by the following steps ; 

I. a is contained in a', a* times; put this in the quotient* 

II. Multiply a— i by a*, and it gives a^'^a^b. 

III. Subtract a'-^ J J from a^-^Ua^ and the remainder 
is-2a"i. 

IV. Bring down the next term +3ai*. 

V. a is contained in — 20^2^, — 2a& times; putthis in the 
quotient. 

yi. Multiply and subtract as before, and the remainder 
is ai°. 

• VII. Bring down the last term— J'. 

VIII. a is contained. in-ja2r% -fi* times; put^ this in the 
quotient. 

IX, Multiply and subtract as before, and nothing remains ; 
the qtiofient therefore is a* — 2 a i + J*. 

EXr2. 
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Ex.2. 

a*+2flr+«»)a»+5a<ar+10aV+10oV+5ajf<+j^(a»+3aV+aar«4.«» 
a*-|-2a*x+ t^x^ 

~ 3aV+ JaV+Sflx* 

flV+2aa:*+jr* 



Ex. 3. 
4i;*-7x)l2x»--13j^--34«»+39ii'(3a;» + 2«"-.5x+-i^^ 

+ 8x*-34x' 

* -20x*+39x* 
• ;-20«'+35x* 

* + 4x* 

Ex. 4. 

3x+6)6x*-96 (2a:'+4x"+8x+16 
e 6x"-12x^ 

*+12a:'-96 
'+12jc'-24x* 

♦ +24x*-96 / 

+ 24x*-48x 

* +48jr-96 

+48i-96 



- ^^> When there is a remt^nUft it must he made the MMMfotor of a 
Fraetion ivhose denominator i«' the dkntcrg this Fraction inust then he 
placed in the fuoHmi (with its proper sign), the same as Sn eemmcA 
Arithmetic. 
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Ex. 5. 

x«+x*— «* 

• . • +x*— a?'+2x 

* -x'+2x-l 
-^a?— x*+x. 

• + x'-hx-l 
+ x*+x-l 



Ex. 6. 
a:'-J^)ai*-ia?+i*x*-J.x(x*-ix+ 1 

* +x*-i.x 
+ x^^'^x 



Ex. 7. Divide a*+4o^ft+6aV+4at'+i* by a+L' 

' Answer, a'+^fl'i+Sai'+i'- 

Bx. 8. . ^* . a»— 5(Jt*x+,10aV-10aV+5ax*-x*^ 
bya*-3a'x+3ax'+x'. 

ANsw. a*— 2flx+x*. 

Ex.9. . . . 25x*-xV-2x'— 8x"by5x'-4x% 

Answ. 5x^+4x^+3x+2. 

Ex. 10. . . . «*+8fl*x+24aV+32ax'+16x*bya-|-2x. 

Answ. a?+6a*x+\ iax* + 8x^. 

Ex.11. 
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Ex.11. Divide a'— jc* by.ai-74?. 

• ,Answbr^ a*+rfx+aV+ajc'+a;*. 

Ex. 12 6x^+9x'-20xby3x'-3ar. 

Answ. 2x*+2x+5'^~^£^ 

.. Ex. 13; 9jc«-46x*+.9§Jt;"'hl50a;bya;'-4ar-5. . 

- * Answ. 9x*-10a;*+5jc^-30x. 

^""Ex. U. x*^2V+x'+|a:-2by5X--2. 

.Answ, . 'Tx'— -x*+1. 

4 % 

vii. 

0» ^Ae application .of the foregoing Rules to Quantities with 
literal Coefficients. 
27. In applying the * foregoing rules to quantities with 
literal coefficients, such as, mXy ny^ qi? &c. (v^here m, 
n, 9.&C. may be considered as tlie coeffi.cients of x, y, x*, &c.) 
' a compound quantity may be expressed by placing the coeffi- 
cients of like quantities one after another (with their proper 
signs) in a parenthelis, and then annexing the common letter or 
letters. Thus, the sum of mx and nxy which is mx-\'nx^ may 
be expressed by {m-\-n)x ; their difference^ which is mx—nx, 
by (m — 7i)x ; multinomial mx^ + n x* -rj&x' + 9 x% by (m + n — 
* p4-9)x';.and the mixed multinomial p^y+^fy—rxy+wiy*— 
nxi/f by (p— ^— wX.Jcy+(g+wi)j'j &c. &c. According to 
this method of notation, the operations are performed in the 
following Examples. * 

• * • . Ex.1. 

?»3/'+ ny+ z 

Add <i q^-.J^my^vz 

'4- ry — qz 

{m-^p-^- q)y^-\' (n -f fn)y+ (1 + n-v—q)z. 

Ex. 2. 
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Ex. 2. 

From p^ + ^x*— rx + 5 
Subtract ma? -^nx^ -\-i x-^v 

Remainder (p— 7n)a;' + (9-f w)^'— (^+0^+^+^«^*\ 

Ex.3. 

Multiply pj?*+ Cjx — r 
by ^x —^71 



mpa^+rnqx^-^^mrx 

— npx^—nqx+nr 



Product 7npa?+ {mq--np)x* — {mr'\'nq)x-\-nr. 

Ex.4. 

Multiply ax«-- ij:+ c 
by x'— cx+1 

ax*— ix'+ ^^' 
^aca^+lcx^'—c^x 

4- ax^'-hx+c 

. Product ax*-(fi + ac)x»+(c+ic+a)*^— (c'*+i)x+c. 
Ex. 5. (Division.) 

ax* -^aca? +ax* 





(c+ic)x*-(c«+t)x 
+ icx* -Ix 




« 


+ cx^ —c'x 
+cx' — c'x 






* * 


* 



(») As the sign prefixed to quantities in a parenthesis affects them 
oil J when this sign is negative, the signs of all those quantities, must he 
changed in putting them into the parenthesis.. Thus*, when -JrHcw suh- 

tracted 
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Ex. 6. Multiply mx^^nx^r . . • by nx^r. 

Ex.7* Multiply j:'—px*+9JP—r by «— a 

Answ. a?*— (a+p)a;'+(9+fl/>)x*— (r— a9)x+cr. 

Ex.8. Multiply pafi?—rx+ 9 • . . bya?*— ro?— y, 

An8W. px*--{\+p)ra?+(q+f^—pq)a^'^g*. 

Ex.9. Divide aa^—(ff+l)x*+b*hyax—l. 
Answ. j?*— aar— i. 

VIII. 
Some general Theorems, deduced by means of the foregoing 

Rules. 
. From the clear and distinct manner in which quantity and its 
teveral relations are represented throughout every part of an 
Algebraic operation^ the exemplification of its most ordinary 
rules affords the means of investigating certain general Theorems 
relating to the sum, difference, product, &c. &c. of numbers^ of 
Wliich the following are examples. 

28. Let a and 2^ be any two numbers of which a is the , 
greater and b the Jesser^ and let their sum be represented by s 
and their difference by ^^^ 

Then a+bsss 
and w-b^d 



by Addition^ 2 a 
and a 






by 



7~ 

tfMted ttcm—rx, th« rctult U-rx—tx; and, m thb meant that tb* 
twt of rx Mid I jT it to be milracfMf, that tugaHu* turn it expressed hf 
— (rjr-ffdOs— (r-f <)». For tha same reason, aiqr m»MH»miai quantity 
— m«*-fis«*— f4^4-r«*, when pat into a parentfusis with a ntgaiiv* 
•ip prefixed, beeemet ~Cm'*« f i—r)t^. 
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fey Subtraction^ 2i sss-^d' 
and b 



s dV 



From which we deduce this general Theorem, that ^^ if the sum 
^^ and difference rf any two numbers be given, the greater of 
*^ them fhay be* found by adding half the given sum to half the 
*^ given difference ; and the lesser ^ by su)>tracting half the giv«i^ 
^' difference from half the given sum.*' 

29. Let a, I, s, d, have the same relation as before, then 

dxza — i 
Hence, by Multiplication, jx rf=a*- A'* (SeeEx.2. Case III. f. 14.) 

• • o — - 



and dsi 



d 



From which it appears, that '^ if the sum and difference of 
^ any two numbers be multiplied together, the product of that 
** sum and difference gives the difference of the squares of the 
^^ two numbers ;" and that, *^ if the difference of the squares 
*^ of the two numbers be divided by their differ ence^ it gives their 
" sum; and if by t^eir sum^ it gives their difference/* 

30. Let the number c be divided into any two parts a and b, 
Then c =a +i 

.•. by Multiplication, c'=a"+2a t+^* (See ExJ I. Case IIL p, X4.) 

From which we infer, that ^' if a number be divided into two 
^^. parts, the square of the number is'equal to the sum of the 
^^ squares of the two parts, together with twice the product of 
" those parts.*' 

E 31. Let 
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31* Let a and b be any two numbers^ then^ 

The diflference of their Cvhes^c^^ i' 
their difference tsza^l 



By actual division^ a— iW^— t' /a'+ai+i' (quotient) 






Hetice it appears, that *' if the difference of the cubes t>t any 
'* two numbers be divided by their difference^ the quotient 
^^ arising will be equal to the sum of the squares of the two 
" numbers together with their ]&fodttc//' 
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CHAP. 11. 

ON ALGEBRAIC FRACTIONS, 



Thb Ruks for the management of Algebraic FractioDs are 
tM aaitte with those in Common Arithmetic. 

IX. 

^ . On the Reduction of Fractions. 

32. To i^educe a mixed Quantity to an improper 
Fraction. 

Rule. ^* Multiply the integral part by the denominator 
*^ of the fraction, and to the product annex the numerator with, 
^^ its proper sign j under this sum plaee the former denominator^ 
" and the result is the improper fraction required.'* 

Example L 

2x 
Reduce 3a + — to an improper fraction. 

The int^al part x the denominator of the fraction + the 
7mmeraior:szM x 5a'-f 2j:=s \b(^+2x 5 

Hence, ■■■ ."; — is the fraction required. 
.5a 

Ex. 2. 

Reduce 5x— J^ to an improper fraction. 

Ca i 

Here SxxGa^axSOa'^x; to this add the numerator with its 

proper sign, viZ4-4a?j then A— » the frJaction re- 
quired. 

Ex. 3. 
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Ex. 3. 
Reduce 5x ^ — to an improper fraction. 

' Here 5x x 7 =35 jp. In adding the numerator 2a:— 3 unih ' 
its proper sign^ it is to be recollected^ that the sign— affixed to 

the fraction — > — ^ means that the whole of that fr&ction is to 

7 
be subtrdetedf and consequently that the signs of each term of ' 

the numerator must be changedvihi&x it is combined with 35a;; 

^^ . - ■ . . ,. 35x— 2j?+3 33x4^3 
hence the improper fraction required is ^ = — ^ — • 

2c 
Ex. 4. Reduce 4ai+5- to an improper fraction. 

' "^ ^ 12a*i + 2c 

Answer, — 5 — — r. 
' 3a '» 

Ex, 5. . . . • Si'— ^^ to an improper fraction. 

. 15i*j;— 4fl 

Answ. — ^ . 

ox 

a*— ax 

Ex.6 a-'X-\"^- to an improper fraction, 

X 9 t 

Answ. ^ — ? . 

Ex. 7« • • • • Sx* \(\^^ ^^ improper fraction. 

^ . 30x'-^^4x+9 

•Answ. ' in *' * 



33. To fierfttce on improper Fraction to a mixed 

Quantity, 
'Rule. ^^ Observe which terms of the numerator are divisible 
^^ by the denammaior without a remainder, the quotient -will 
^' give the integral part; to this annex (with their proper signs) 
** the remaining terms of the numerator with the denominator 
^^ un^r them^ and the result will be the mixed quantity re- 
'' quired." 

Ex. 1. 
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Es^AMPJLB 1. 

Reduoe — i ■ — to a mixed quantity. 

Here ?LifL =a+b]A the integral part, 
a 

. and — is thejractianal part 5 

•*• a+^H — ^ is the mixed quantity required. 

a * 

Ex. 2. 
Reduce i- to a mixed quantity. 

Here —— s Sa is the integral part, 

and — -^^ is iht fractional part ; 
5a 

.*. 3a H is the mixed quantity required. 

da 

Ex. 8. Reduce -— to a mixed quantity. 

Answbr, ar— --. 

^ A l2a*-f4a-3<?^ • , 

Ex. 4. . . • • ^ to a mixed quantity, ' 

4a . 3c ^ 

Answ. 3a+l — -^. 
4a 

Ex.5 ^Q^V+y'"^^ to amixed quantity. 

^ 2A* 

Answ. 1 Oy + 3 j: — -3 . 

34. To reefuce Fractions to a common Denominator. 

RuLB. ^^ Multiply each numerator into every denominator 

^^ but its own for the new numerators, and all the denominaiorS' 

^^ together for the common denominator.^' 

Ex. 1. 
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Example I. 

Reduce — , — , and — , to a commQn denominator. 
3 b 5 



2xxbx5^\0bx 

5xx3x5=75a: J. new numerators ; 

4 



XX bx5^\0bx^ 
xx3x5=75a: I 

ax3xb = \2ab] 



f Heiiee the (tac- 
tions required are 
lObx 7Sx \2ab 
\5b ' Wb' l5b' 



3 xbx^=\ob common denominator} 

Ex.2. 

Reduce — — >, auad — ^ to a common denominator. 
5 4 

Here {2x+ 1) x 4 = 8j7H-41 ^Hence the frac- 

3jcx5 = 15x rnewnumeiatorsJ tions required 

— ^ ^ < are . 

5 X 4 = 20 common denominator ilBx+i \5x 



Ex.3. 

Reduce j, -r-;--, and -^, to a common denominator. 

a+x '3 Qx 

Here5«x :3x2x«30x' l-i the new fractions are -??^, 
(a-x) (a+ar)x2x=2a''x-2x1 6ax+6x*^ 

(a+x)x3x2x =6ox+6x'J6ax+6x''^ 6ax+6x** 

3x 4 hx SiK 
Ex. 4. Rcduce-T-, •-— , and — , to a conmion denominator.. 
, o oa a . .... 

. 9£fx 20abx , 75aa;* 

Answ. — r-a, -rr"T-^ and -^v-r- 
ioa ' 15a 15a 

Ex. 5 . Reduce * and, — - — • to a commQn denominator. 

X . o ^ '*..: 

Answ. 5^, and*^. " 

^iJp ■ dx „ 

Exi 6. 
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EXAMPUB L 

Ex. 6. Reduce ^ — ,-— ,and —^ to aeommon dendmmator. 

» 5 4a 3^ 

. 48aix--f 24«tx 46ia;' ^.40ax 

« ^ « :. 7a:'-l " 4x'-x+2 ^ , 

Ex. 7. Reduce -^ , and — -^-^ — -, to a comiwpn deno* 

minator. . 1 4flV~ 2a' , ^ 8^' - 2x^+ Ax 

4ttjc . 4a jc 

35. To reduce a Fraction to its lowest terms. 
Rule. '^ Observe what quantity will divide all the terms 
^' both of the numerator and denominator withaui a remainder; 
*' Divide them by this quantity, and the fraction is reduced to 
" its lowest terms/* A more general Rule will be given at the 
end of this Chapter. 

Example 1. 
Reduce ^'^^+7^^jr2lx'' ^^ .^^ ^^^^^ ^^^^ 
35x 
The coei&cient of e^iery term of die numerator and denominator 
of this fl-a^on is divisible by 7^ and the letter x also enters into 
every term ; therefore 7x will divide both numerator and deno- 
minator without a remainder. . 

., I4x' + 7ax+'i\x'' ^ » - 

Now --= — ■ = 2jc +a + 3x, 

jx 

, 35x - 
and -— -=5j!;; 

7x 2x' + a4-3jc 
Hence^ the fraction in its lowest terms is ^ . 

Ex. 2. 

^ , 20(iic— 5a'+10a<?, .. , .^ 

Reduce --^^^ ■■■ ^ to ito lowest term, 

5a c 

Here the t]uantity which divides both numerator and deno- 
minator without a remainder is 5a ; the fraction therefcyre in 

Its lowest terms is -I — . . Ex. 3« 

ac 
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Ex.3. 

Reduce -; — — to its lowest terms. 

Here a -^& will divide both numerator and denominator^ 
for by. Ex. 2. Case III. page U. a*-V^[a+h) (a—l); 

hence ; is the fraction in its lowest terms. 

a+b 

lOar* 
Ex. 4. Reduce, r-^r-, to its lowest terms. 

Answer^ T* ' 

Ex. 5. .... -^L^ to its lowest terms. 

6«^ , bx 

AnsW. y 

Ex. 6 — ^ to its lowest terms. 

^^ A 2y-3xv 
Answ. -^ '-* 

5 la;'— 17j:*4-34x 
Ex* 7. • . . . p=--g r- to its lowest terms. 

Answ. r-^* 

Ex.8. • . . . -j^yj to its lowest terms. (See Art. 31). 

Answ. -5- — j— -^,. 
a+au+b 

X. 

On thk ADDITI0N,SUBTRACTI0N, MULTIPLICATION, 
AND DIVISION OF FRACTIONS. 

36. To add Fractions together. 
Rule. '^ Reduce the fractions to a common denominator, 
'^ and then add their numerators together ; bring the re- 
^^ suiting fraction to its lowest terms, and it ^ill be the sum 
^^ required." 

Ex. L 
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Example I. 
■ So? 2a7 



Add — , —J , and - ,^ together. 

is the ij action 



ja:x 7x3=63x1 

2xx5x3=30x( . 63x4-30T:4-35a ;_128j; 
xx5x7=35irr " 105 105 






' Ex.2. Add 2, 1?, and r. together. 

ax3ix4a=12a'ix . 12a^^-f 8a"Z>+ I51>' _ 20a'b+ 15^ 

2«|xix4a= 8a'i( •• I2ab' ~ 12a*" . 

5l>xbx3b=l3P y ',..,. . ,, 20a'+15f . ,. 
_ I = (dividing by I) -I— — 19 the 

ix3ix4a=12ai'J . ^ . l^a" 

^ ^ sum required. 

T- o Ajj 2j;+3 3a;— 1 ,.4x. , 
• Ex.3. Add — - — ,— - — ,and-—, together. 

(2«+3)x2rx7=28x' +42x. . 2ar''+42x+105a;-35+4Oi!' 
(3x-l)x5 x7 = 105i;-35 I "* ' ^0x 

4xx5x2x==40x' ^^68.'+147x-35 .^ ^^^ ^.^ 

5x2xk7=70x Jrequired.' 

' Ex 4. Add-?, — , and -r^, together. 

7 i^ ^. 934x. ^ 

Answer^ "fiOT* 

^ ' 3a' 2a - ,3t / , 

Ex. 5. • • • .;j7-> "E-j ^"^ 7^, together. , 

Answ \05a»4-28a't + 30i« 



70a i 



-, - ' 2j;+1 4x+2 ,x . ' 

Ex..6. . . . ---— , —r—3 and ;;, together. 

. y>9x4-77 

Answ, 



105 V . 

. Ex. 7. 
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Ex, 6. Multiply mx^-^nx^r • . . by nx—r. 

Ay8vrEVL,mna?'-{n*+mr)x*+r^. 

Ex, 7* Multiply jc'—px^+yx—r by «— a 

Answ. a?*— (a+p)a:'4-(94-flp)a;*— (r— a9)x+cr. 

Ex«8. Multiply pat?— rx+ 9 . . . bya?"— rx— y. 

Answ. px*— (l+p)rx'+(9+/— P9i«»— 9% 

Ex. 9. Divide a3i?—{cf+l)x^+V by ax-Zf. 
Answ. x^-^ax-^l. 

VIII. 

Soiii« general Theorems^ deduced by means of the foregoing 

Rules. 
, From the clear and distinct manner in which quantity and its 
several relations are represeilted throughout every part of an 
Algebraic operation^ the exemplification of its most ordinary 
rules affords the means of investigating certain general Theorems 
relating to the sum, difference^ product, &c. &c. of numWrs^ of 
Which the following are examples. 

28. Let a and b be any two numbers of which a is the ^ 
greater and b the Jesser^ and let their sun^ be represented by t 
and their difference by^, 

Then a+J=5 
and a^-b^d 



.*. by Addition^ 2a = 
and a 



^s + d] 
2^2j 



by 



1 : ^ 

tMcted from -ri>, the result is— ror— Ix; and» as this means that the 
mfM otrx imd txiB to be subiraeted^ that negative sum is expressed by 
-<<rx+f jr)sr— (r+elx. For the same reason, any muttbunmat quantity 
-H«jr«+JiJr*— f«*+r«*, when put into a parenthesis with a mgatht 
•ifn prefixed, becomei •^0<i-*« \ q —r) jr*. 
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hy Subtraction^ 2b sss ^d 



"1 



and ^' =i 
2 

From which we deduce this general Theorem, that *^ if the sum 
^^ and difference of any two numbers be pven, the greater of 
'^ them tnaj be* found by adding half the given sum to half the 
*^ given difference ; and the lesser ^ by 8u})tracting half the given^ 
" difference from half the given sum." 

. -. • ' 

29. Let ay b, 5, d, have the same relation as before, then 

scza +b 
d:Kta — i 

Hence^ by Multiplication, jx rf=a'— «»*XSeeEx.2. Case IIL^kH.) 



and dzsz 



d 



From which it appears, that *^ if the sum and difference of 
^ any two numbers be multiplied together, the product of that 
** sum and difference gives the difference of the squares of the 
^^ two numbers ;" and that, " if the difference of the squares 
** of the two numbers be divided by their difference^ it gives their 
'^ sum; and if by their sum^ it' gives their difference/' 

30. Let the number c be divided into any two parts a and ^, 
Then c :=ia -\-h 
c=:a+b 

.-. by Multiplication, c*=a"+2aH-^* (See Ex: 1. Case IIL p. 14.) 

From which we infer, that ^^ if a number be divided into two 
^^. parts, the square of the number is'equal to the sum of the 
^^ squares of the two parts, together with twice the product of 
** those parts." 

E 31. Let 
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, / Ex. 1. 

■ ^. Multiply ^ by ~. 

2xx4x^ 8 j;^\ ^.^ ^^ fraction required.is -^. . 
7 x9 =63 J ^ - 63 

Ex. 2. 

Multiply t;^ by ^^. 

Here f ..24^i:«^= (dividing tike nu- 

(4a;+l)x6a;=24a;'+6a;J . 21 
jjjjj S merator and denominator by 3) 

3x7 =21 • t?^^il?f is the fraction required. 

. .Ex.3. . 
Multiply -^ by--^^. 

By I^ix. 2. Casb III. page 14. (a'-A') x3o'=(d+i) 

', .X- o , ,! ,. J ^ . 3a''x(a+J)(o-i)_ 
(a-i)x3a'; hence the product is _^-X__'^v^ = 

. . ,.3o'x(o— i) 
(diTiding the numerator and dienominator by a + b) -^ 

_3^-3a°i - 




Multiply ?i^^ by 

H« /: 21aA;'-35ax _ ,^;„;^. 

I 28a;'— 42* V"**"*"* 

- (3a;'-5iB>x7o=21ac'-35<teIj^g numerator and denomi- 

and ~ . \ , - \ 3ax,-'5a .. ... 

(2^-3A) X 14=28a?-42x "'''^ '^y ^^^ l]?^^- » *^* 

, (fraction required. 



Ex. 5. Multipiy ;j-^, by -^ . Answer, t:;:!^^* 



Ex.6. 
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E«.6. M.mpl, 5^- b, 5^. A»™..,^'. 

E-^ .^.^' °-^. *»-• =^*. 

39. On the Division^ of Fractions. 
RULB. "Invert the divisor^ and proceed as in Multiplication." 

Ex. 1. 
Divide ^Jt by ?? . 

Invert the divisor^ and it becomes -— • hence -q^x — . 
= ■ ^ =1- (dividing the numerator and denominator by 6x) 

18 the fraction required. 

Ex.,2. 

T\- M 14a; -3 , lOx-4 
Divide—^ by -^^.. 

14x-3 25 _ (14a;-3)x5 _ 703:-15 
5 10jc-4^ lOx-4 ~ 10a;-4- 

Ex. 3. 
Divide^' by 4«+^* 



2a ^ ab - 

— ^JT^= o^"^ \ ^^ 4xj(aW-/,) 

4g + 4^_ 4x(a + ^) , ' \= , 8a- 4a ' "\' 

I the fraction required. 

Ex. 4. Divide "^ by y . Answer, _. 

Ex.5. 
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Ex.5* Divide . J ^ by ^ > Answbr, -—. 
o 5x o 

jp' q x4-3 4x 12 

Ex, 6. ..... — =-^ by -7— • . Answ. — ?— . 

5 4 . o 

Ex.7. ....9-^z3£.by^..ANsw. ^^Z^. 

5 5 ^ X ' 

XL 

. On the Method of finding the Greatest Common Measure 
and the Least Common Multiple of tivo or more 
Quantities J 

40. One quantity is sud to measure another, ^hen it is 
contiained in that other a certain number of times, vriUiout a 
remainder. 

41. A quantity is sfud to be a multiple of another, when it 
contains that other quantity a certain number of times, Witbottt 
a remainder. 

42. The common measure of two or more quantities is that 
quantity which measures them all ; and t\\e greatest common 
measure is the greatest quantity which will so measure them. 
Thus, 2 a is a common measure of the quantities 2iaU^y\ 6a^bc, 
and 12a^c% and their greatest common measure is 4a^. 

43. A common multiple of two or more quantities is that 
quantity in which each of them is contiained widiout a remainder ; 
and the least common multiple is the least quantity in which 
they are so contained. Thus, 40 c^b*c is a common multiple 
of 5a, 4 acy and 2 b, and their least common multiple is,20alc. 

44 • If one quantity measures another, it will also measure any 
multiple of that quantity. Tlius, let b measure a by the units ^ 
in m, then a^mb ; and let Tza be a multiple (denoted by the 
units in n) of a, then na^nmb ; coilscquendy b measures na 
by the units in nm* 

> 45* If 
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45. If one quantity tneadures two others, it will also measure 
their sum and difference. ]Por let c measure a by the units in m^ 
and h by the units in n^ then a^mc, and h^nc\ therefore 
a ± i^=mc;^: wc, = (7»± 7i)c J consequently c measures a+ ft 
(their sum) by the units in m+*, and a— i (their difference) 
by the units in «i— ». 

46. Let q. and h be any two numbers', whereof a is the greatest; 
and let the following operation be performed upon them, viz. 
l)a{p I 

P^ ^ Where a divided by I gives the quotient p, 

c) h La ^^^ remainder c ; h divided by c, the quotient 9, 

qc and remainder ^; c divided by J, the quotient r, 

— and remainder 0. Then, since in each case 

^) ^y the dividend is equal to the divisor multiplied by 

the quotient plus the remainder y we have, 

;. 
€otrd 
bszqc+dss (for q'Css:qrd)qrd+d^(qr*^l)d 

since />, q, r are whole numbers, d is contained in Zr as miany 
times as' there ^re units in 9r+ 1, and in a as many times as 
there are units in pqr-\-p+r; consequently the last divisor 
dis^ common measure of a and l; and this is evidently the case, 
whatever be the length of the operation^ provided that it be 
carried on till the remainder is nothing. ^ 

This last divisor d'is also the greatest common measure of 
a and I. For let j; be a common measure of a and L such that 
a=mXf and b=nXy then 
e:=:a--pl=^mx-'pnx^{m—pn)3ii 

d:ssl-^qc=:nx-'{qm'-'pqn)x={n—qm+pqn)x) /.admea- 
sures 



(•) The quantity o±6 mtaDS a+ or— 6, 
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sures d by the unite in n-^qm'hpqn, and as it also measures 
aand b, the numl)ers aylondd haye.a common measure, Novr 
the greatest common ifieasure of d is itself ;, consequently d is. 
the greatest common measure of a atid h. Hence this Rule 
for finding . the greatest common' measure of two nimibers. 
** Divide the greater by the lesser, and the preceding divisor by 
^^ the la^t remainder, till nothing remains ; the last diyisor is 
*^ the, greatest common measure." 

To find the greatest common measure of thre^ nuipbers, 
a, i, c ; let d be the greatest common measure of a and h, and 
X the greatest common measure of d and cy then x is the 
greatest common measure of a^ i, and c. For, as a, J, and d, 
have a common measure ; if d and c have also a common mea- 
sure, that same number will measure q, hy andc; and \{ ,x \^ 
the greatest common measure of d and c, it will also be the 
greatest common measure of a, ly and c. • 

In general, let there be any set of numbers, a, l^ c, d, 6, &c. ; 
and let x be the greatest common measure of a and^; y .^^ 
greatest common measure of x and Cy % the greatest common 
measure of y and d^ &c. &c. ; then will y be the greatest 
common measure of a, (, c 5 z the greatest common measure of 

QyhyCy d'y &C."&C. 

47. To find the greatest common measure of, Algebraic 
quantities, the Rule, with-respect to simple quantities, is, ^^ to ■ 
^^ find the greatest common measure of their coefficients, and 
^* then annex to it the letters common to all the quanjtities ;'* 
thus the greatest common measure of 2iax^y^y Mibxy, and 
ftflfxi/', is 2j;y^ 

The operation for finding the greatest common measure of 
compomd algebraic quantities is the same as' that for 
finding the greatest common measure of two rmmberSytiic^^X' that 
" the remainders which arise in the operation are to be divided 
^' by their simple divisors," In commencing the operation, the 

terms 
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terms of which they are composed must be arranged according 
l(a the dimensions of the same letter^ as in the following ex- 
amples. ^ ' 

Ex. I. 

Find the greatest common measure of 6a* + 1 lax-^-^x"^- and 
6a*-f7aa;— 3x'. 

^6a'+ 7ax-3x' 



+ 4ax-{-6x'* 



(*) Dividing 4ax + 6a;* by the simple divisor 2 x, we proceed thus j 
2a+3a?]6a*+7aa;-3xV3a-a? 



— 2aa;-3a;V 
-r2firx-3a?' 



Hence 2a+3a; is the greatest common measure; and the 

fraction "^ 7 ax— x ^.g^jy^g^j ^ j^s lowest terms, is 
6a'+llax+3x'' 

3a— X 

3a+x' 

Ex. 



(*) The reason for rejecting these isimple divisors in the course of the 
operation^ is this; It appears by Art. 45, that whatever quantity measure? 
€a+llax+3x^ and 6a'+7aj>-3ar* will also measure their difference 
4a:r4-6:r*. Whenever, therefore, a remainder occurs which will not 
measure both the dividend and divisor, as is evidently the case in ^he present 
instance with Aax-\-Qx^ (for Aax cannot possibly divide Qa^), it must be 
- reduced to a more simple form by dividing its terms by the quantity which 
is common to thew all. . If, after such reduction^ it will not measure both 
the dividend and divisor, it shews that the quantities proposed have no 
qommon measure. 

G 
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Ex.2, 
Find the greatest common measure of 3dc*— 24a7— 9,and 
2j?-16a;-6. 

2a:'-16x-6\3a:'-24x-9(l 
^ 2x^-16x-6 
; y- 8jc-3)2x'-16x-6(2 



The greatest common measure, therefore, is x'— 8x— 3, and 
the fraction 3^Z24r>^9 ^" *^ ^^^^^ ^""^ ^* 3* 

If it were required to find the greatest common measure of 
more than two compound algebraic quantities, the rule of course 
"^ould be the same as that for finding the greatest common 
measure of the numbers a, Z', c, d, e &c. in Art. 46. 

^ 48. ^^ For the purpose of finding the least common multiple 
of two or more numbers ; ^^ let n and h be any two numbers 
whose greatest common measure is r, and let a^^mx, h=:nx; 
then mnv is a multiple of a by the units in n, and of b by the 
units in m; consequently it is a corhmon multiple of a and I, 
But since x is the greatest dommon measure of a and b, m and 
ft can have no common divisor; mnx is, therefore, the 
least common multiple of a and b. t^ow mxT=a,nx=il • 

..*. ?»na:*=a^,'and mnx's=: — : hence "the least ^common 

^^ multiple of two numbers is equal to their product divided by 
*' their greatest common measure/' 

To find the least common multiple of 3 numbers a,i, c; let 
X be the greatest common measure of a and b, and fin4 the 

greatest common measure of — (the least common multiple of 

and h) and c. which call y ; then by the Rule --'- x - or — • is 
^ ^ X y art/ 

the 
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the least common multiple of ^-and e, and consequently of 

X 

. Or in general^ let a, b, c^ d, e 8ic, be any set of numbers; 

and let x be the greatest common measure of a and b, 

nab - 
- y * . ot — and c, 

X 

z of — ? and fl, 

xy 

&c« &c. 
then will - be the feoi^ common multiple of a aad J, 

£*f ^ . of a, iandc. 

xy 

. ^'^^'^ ..,....•.. of a, ft, c, d. 
xyz 

&C, &c. 
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CHAP. IIL 



ON INVOLUTION AND EVOLUTION, 



XIL 

On the Involution of Numbers and Simple Algebraic 
Quantities, . , 

49. Involution^ or ^^ the raising of a quantity to a given 
power^^^ is performed by the continued multiplication of that 
quantity into itself^ till the number of factors amounts to the 
number of units in the index of that given power. Thus^ the 
sqiuire of a^o'r^axa; the cube of b=:b^==bxbxb; the 
fourth power of 2 = 2x2x2x2=16; the f^^th power of 
3=3x3x3x3x3 = 243 ; &q. &c. This rule as applied to 
numbers will be readily understood by the mere inspection of 
the following Table. 

ROOTS AND POWERS OF NUMBERS. 



Roots 


1 2 


3 
9 


4 


5 


6 
36 


7 


8 


9 


10 


Square 


1 4 


16 


25 


49 


64 


81 


100 


Cube ' 




-8 


27 


64 


125 


216 


343 


512 


729 


1000 


4* power 




16 


81 


256 


625 


1296 


2401 


4096 


6561 


10000 


5*** power 




32 


243 


1024 


3125 


7776 


16807 


32768 


59049 


100000 



50. The operation is performed in the same- manner for 
simple algebraic quantities^ except that in this case it must be 
observed^ that the powers of negative quantities are alternately 

4- and 
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,+ and — ; the euen ipov/ea being pOBitive, and the odd powers 

negative. Thus the square of +2a is +*-^ax +2a or +4a*; 
the square of — 2a is —2a x —2a or +4a* j but the aibe of 
— 2a=-2ax -2ax -2a5= +4dx -2a=5 — 8aV 



The several powers of * are, j And the several powers of — 



a d a a a^ 
&c. ==&c. 



2c 

h h h h^ ' 

2e 2c 2c 8c* 

^ b h h h , 

4th pawer^^r-X - - X -- X - r;=^+ 



2c 



2c 



2c 



2c 



I6c* 



Upon this principle, the powers of the several roots in the 
following Table are calculated. 



ROOTS AND POWERS 


OF snifPLB ALGEBRAIC OOANTITIES. 


Roots 


a 


-b" 


2b'' 


a 
2b 


S3^ 

y 


2a 
Si 


a*l 


0* 

6» 




4y 


Square 


a* 


+h^ 


4h* 


a* 
46* 


9T* 


4a' 
94' 


off 


1** 


9^ 
'25 


16^' 


Cube 


a» 


-l^ 


Sb' 


a* 
86» 


27a!* 


erf 

27«» 


a**" 




27** 
125 


64iy* 


4^ 
Power 


a* 


+^ 


I6b' 


16** 


,81a;* 


16a« 
SI** 


«»*« 


+^ 


,81«* 
"''625 


256y* 


5* 


a* 


-** 


32b''' 


32i» 


•243X'"' 


,32a» 
243*» 


o»i* 


a" 


3125 


,** 


Power 


1024y» 



» XIII. 

On <Ae Involution of Compound Algebraic Quantities. 

51. The powers of compound algebraic quantities are raised 

by 
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bf the miHpe app&eaticnv of th^ Biile HorOoiDpeiindMultiplibatictti 

(Art. 22:) Thus, . ; 

Ex. 1. What is the square £x. 2. What is the cube of 

• ofa+2i? ^ a^-x} 

ui + ih ' a^—x 

a ^2b dt—x 

o'+2ai ^ (f—ctx 



^ Squar€=3a'+4ai + 4t* Square = a*— 2 a'a:-|- a;' 



a''~2a*a:+aV 
Cube=:a«-^3a*x4-3ttV-«» 



Ex.3. 

What is the S^pyvmufn+ii 
a+b . 



•f al + l* ' 

flr+2(t'i-h a> '"■' 

+ fl't+ 3fl^/>"4- 3ay+ y 

q + ^ • 

tf+4rt«i+ 6a'i'+ 4a'i'+ o^* . 
+ dH+ 40*^4- 6aV+4fly+y 

q*+5a^^+10a*y+lOg*^'+5g^^-^yg5^^P<wye^. 
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ix. 4. The 4^powercfa^Sbi&a^'h larft+M^'^'+lWai* 

Ex.5. The sqmve at Sx^'+ix-^S h9x*+\2ig?rhHx' +20x 
+ 25. , 

Ex.6. Theculeo{3x-5 is 27x*-135j:*+225x-125. 

Ex.7. The cule of a;*-2a;+l is jc»~6jd»+15x*-20x'+ 
15x*-6x+l.* 

52. fn the involution of a binomial quantity of the form a-^l, 
the several terms in each successive power are found to bear 
a certain relation to each other, and to observe a certain law, 
which the following Table is intended to explain. 



TABLE OF THB POWERS OW a^b. 



Powers. 


Mode of 
expressing them. 




Square 


ia+iy 


a''+2ab+h\ . 


Cube 


(«+*)' 


• a^.+ 3a*b+3ab*+h\ 


4^ Power 


(a+hY 


a* + 4a^l +6a«f +4fl i' + i*. 


5*^ Power 


(a+i)> 


a«+5a*^-f lOa9^'+10a'P+5a^*4.^*. 


e^^ Power 


Xa+bY 


a*+6a5^+15a*^«+20a'^3+15a'Z;*+6ai* + ^'. 



The successive powers of a— i are precisely the same as those of o + i, 
except that the signs of the terms will be alternately + and—. Thus, the 
4**» power of a —4 is a* — 4 a' i + 6 a' i' — 4 a i' + b* } and so of the rest. 
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In reviewing that column ot the foregoing Table wEich con- 
tains the powers ot a-^-l expnnded^ we may observe, 

I. That in each case, t\\Q first term is a raised to the given 
power y and the last term is b raised to the same power ; thus, 
in the square^ the first tcfrm is a% and the last i*; in the cube, 
the first term is a', and the last P; and so of the rest. ^ 

II. That, with respect to the intermediate terms, the powersv 
of a decrease J and the powers ^of I increase y by unity, in each 
successive term. Thus, in the fifth power, we have 

In the second term . . . . a* t ; 

third • . .. . ... a'i'5 

fourth ...... d^P; 

fifth al'; 

and so in the other powers. 

.III. That in each case, the coefficient of the second term is 
the same with the index of the given power. Thus, in the 
square it i& 2 ; in the cube it is 3 ; in the fourth power it is 4 ; 
and so of the rest. 

IV. That if the coefficient of a in any term be multiplied by 
its index, and the product divided by the number of terms to 
that place, the quotient will give the coefficient of the next 
term. Thus, 

, ^, /. .r coeff. of a in the 2^ term x its index 

In the fourth power, ; — r- 

number of terms to that place. 

=r — — . = -^ =r 6 = coefficient of third term. 

, , . ^, cpeff. of a in the 4* term x its index 

In the sixth power, = ji -. ^ 

number of terms to that place 

^20x3_60^ j^ rrcoefficient offifth term. 

We are thus furnished with a general Rule for raising die 
binomial a + b to any power, without the process of actual 
multiplication. Forinstance? let it be required to raise a+i 
totht eighth power ; then, according to the Rule just laid dowiv 
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Tktjlrst term w ...'•.•..• tf^ 

The second 8a''h. 

The third ..;... . ?-^a»^'«28fl«J\ 

The fourth Hi^tf J»=56a*-hi». 

Thefifth *®2if =70fl«i4. 

4 ' 

and so on. 
^nd thus we have 

28a*t^+8aJ7+j8. • • 

In the same manner it will "be foiind, 
Ex. 2. That {a-iy^a'-7a% + 2Ia»J"-35a^P+35a=i* - 

Ex.3. That(x-y)'=a;»-9jt;V+36x^y'-84xV+126a:'y* 
- 126as^y*+ 84ar'y*-36jc*y'4- 9x2/*- j/». 

Ex. 4. That (a:+fl)" = a:'' + 10a:»<? + 45fl(/'a* + 120xV + 
210x*a*+252x5a*+210xV+120ar^a'+45x*a'+10xa' + a^ 

In reviewing these several Examples^ itmay be<i^served^ that^ 
when the number of terms in the resulting quantity is eveiiy the ^Jr, 
coefiicients of the two middle terms U. thp same; and that in^ 
all cases the coefficients increase as far as the middle tettdf and 
then decrease precisely in the same manner until we come to 
the last term. By attending to this law of the coefficients ^ it 
i will only be necessary to calculate them as far as the middle 
term, and then set down the rest iii an inverted order. Thus, ^ 

in'Eic.2. (x^^), 

Thej^r^ five coefficients are 1^ 9> 36^ 84, 126. 

The loi^ five 126, 84, 36, 9^ 1. 

H 53. But 
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53. Bat we are not yet arrived at the most general form in 
which this Rule may be exhibited. Suppo;^ it was required to 
raise the binomial a + l to any power denoted by the number 
(n). Proceeding with n asr we have done with the several in- 
dices in the preceding examples, it appears that. 

The Jirst term would be a\ 

The second n(f-^l\ ' 

. The third^ : 2(2^)a-*J*. 

•ni^ fourth w(«-l)(n-2) ^^j^ 

Theffth , n{n-\){n-2){n-9) ^^^, 

''-' ' 2.3.4 

The iwf ,. . i". 

Or, (a+J)-=a«+na--i + «i«IlBa-V+?^Z:^K^Z^ 

a.ujy + "("->) (»-2) (n-3) «y ^ ^. 

2.3.4 . ■ 

By the same process^ (a-i)"=o"-na*-'i+2i^— -^ (f-*^ 

2.0 

alternately 4- and — . 

. This general and compendious method of raising a binomial 
quantity to any given power^ is called, from the name (tf its 
celebrated inventor. Sir I. Newton's ^^ Binomial Theorem^*^." 
Its use will appear from the following Examples. 

EXAMPLri 1. 
Raise jc'+3y^ to ihejifth power. 
In comparing (a;*+3y*)* with (a+i)", we baVe, as=a?V 
• l=s3y*, n=5. 

Substi* 



(*) The demonstratioii of this Theoreni« with its ap^ilicatioii to the 
findinj^ the powers and roots Of 'compound quantities In general^ forms 
the subject oif Chap. IX.. 
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Substituting these quantities for a, b, n in the foregoing 
genetal formula^ it appears^ that 

term J ^ ' ^ ' 

2d («a— J) . .> . i85x(i*)«x Sy* slSA'- 
Sd . . . . . (^ktzD a'^b*) . . . . .is5x4x(a;»)»x(3y*)'=90BV. 

4th ... . / ?(''-l)("-2) a-^^) ifl5X^x|x(:r«)«x(3y?=27arV. 
Uhi ( "("-IX^'-ZX^-S) „.-4j4) ig 5xtx|x?xx«x(3y')«=405xy. 

Last . . . <^-) . ^8 (3y«)*=3:2433^. 

So that {«9+33^')*=ar"+ 15a;*y'+90«*y*Hh270«^'+405ar'i^'+243y**. 

In the application of this formula^ it mity be observed^ that 
the number of terms of which the binomial consists, is always 
one more than> the index of the given power; after having 
calculated therefore as many terms as there are units in the 
index of the given power, we may immediately proceed to the 
last ih-m. 

Ex.2. 
Raise 3a:H- 2tf to the 6^ power. 
Here3x=6r\ 

2tf =i I *"^ (3x+ 2y)»=729x +2916a^ + 4860a;Y 






4320a?y^ + 2 160a:V+576j;y« + 64y^ 

Ex. 3. 
Raise x— 2y' to the 7'* power. 
Here a?=:a^ and comparing (x— 2y')^ with (a— i)% we have 
2y'=i L x'- 14a;^y' + 84o(^y^ - 280jf*y'+5€0a^y»-. 
/t. «=7 J 672a;y+448jcy '^ i28y»* for the quantity re- 

^ quired. 

54. By means of this Theorem, we are enabled to raise a 
tri$iomialorquadrinomial quantity to any power, without the 
process of actual multiplication. Thus, suppose it was required 

to 
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to square a+i-i^-e; mclosing it in «pareathesi»(a-f i),aiiiioon* 
sidering it as owe quantity, we should have^a-^b+cYm 
(a+i)4.cV=<a+i)*+2(a+t)c+c' = a'+2aJ+i' + 2ac+ 

In the same manner we have, 

Ex. l.(a+i + c+d)'=(a+A) + (c+cJ)]'=(a+i)'+2(a+i) 
(c+d)^(c+d)*=a"+2ai + J'+2ac+2ad+2i(7+2id+c' 

+ 2(7^ + ^*. 



Ex.2. (a4-6+<^)'=(fl-f*)+<^]'=(a+*)'+3(a+6rc+3 



Ex.3. (r+y+8xr=(a;+y)+3x)|*==(x+y)'+2(x+y)x 
3»+(32;)'=«'+2xy+y*+6j;«+63/2J-f-J^«*. 

XIV. 

0» Me Evolution of Algebraic Quantities. 

55. Evolution J " or the Rule for extracting the root of any 
quantity," is just the reverse of Involution ; and to perform the 
operation^ we must inquire what quantity multiplied into itself, 
till the number of factors amount to the number of units in the 
index of the given root, will generate the quantity >^hose root 
is to be extracted. 

56. This rule, as appliedto small numbersand simple algebraic 
quantities, may be easily explained by reference to thq Tables in 
pages 44, 46. Thus, 

49=7 X 7 ; /. the square root of 49 (or by Def». 8, i/4f9)=7. 

— ^^=2 — ix — ^X — ^; .'. the cM^e roo^of— ^3 (v^— ^') =— ^, . 

16a* 2a 2(i 2a ^ , , ^ ,. ^ ^ ^ r^^o*/ ^/16a*\2a 

SU^^3b''u''Frsl ' •> ^^^ ^^^ °^ hzijuadrate root of gyji(^y^ ^ X -^ 

32=2 X 2 X 2 X 2 X 2 ; .-. the JJ/?A root of 32 ( V'SS) =2. 
&c. &c. 
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S7> If the Quantity t>nder the radical sigii doea not admft of 
Tesohttiou into the mimber of factors indicated by that sign^ or, 
in other worids, if it be not a complete power ^ then its exact 
root cannot be extracted, and the quantity itself, with the 

radical Sign annexed, is czflled a Surd. Thus -v/37, V'a', 

V^*' y \/47j &c. &c. are Surd quantities. The application of 
the fundamental rolea of arithmetio to quantities of this kind 
will form the subject of Chap. VIII. 

5S. In the involution of Tzega/zW quantities, it was observed 
that the even powers were all + , and the odd poweri* — ; there 
fs consequently ho quantity which, multiplied into itself in such 
manner that the number of factors shall be even^ can generate 
a negative quantity. Hence quantities of the form \/ —c^y 



V'-^IU^ yZ—cff -/— 5, v^— fl*, 6cc. &c. have.no real root, 
atid are therefore called impossible, 

59. In extracting the roots of compound quantities, we must 
observe in what manner the terms of the root may be derived 
from those of the power. For instance, (by Art. 52,) the square 
ot a-\-h\s (t + 2ah-\-V, where the terms are arranged according 
to the powers of a. On comparing a + l with a* + 2a h + V, we 
observe that the first term of the power (a') is the square of the 
first term of the root (a). Put a a'+2fli + 6'(a+fr * 
therefore for the first term* of the «« V 



2aJ + i' 
2al + V 



therefore for the first term* of the 
root, square it, and subtract that — -^^ 
square from the first term of the 
, power. Bring down the other two 
terms 2a t + t', 2inA double the first * * ' 

term of the root ; set down 2a, and 

having divided the first term of the remainder (2ai) by it, it 
gives 6, the other term of the root ; and since 2a i + i' = (2a + b) by 
if to 2 a the term b is added, and this sum nuilt^lied by 6, 
the. result is 2a 6 + 6'; which being subtracted from the two 
terms brought down^ nothing remains. 

60. Again, 
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60. Again^ thesqu^reof a+6+c(Art.54.) i8fl*+2a6+A* 
4- 2a c + 26 c + c* ; in this case the root may be derived from the 
power, by con- 
tinuing the pro- 
cess in the last 



a*+2aA-fy+2ac+26;c+(?*(a+6+c 



2ab'+V 



2a+26 + ^2ac-f2ic+c' 
2ac+26c+c* 



Article. Thus, 

having found the 

two first terms 

(a-f 6) of the root 

as before,we bring * » » 

down the remain- ===== 

ing three terms 2a<?+26c+c* of the power, and dividing 2a c 

by 2a, it gives c, the third term of the root. Next, let the last term 

{I) of the preceding divisor be doubled, and add c to the divisor 

thus increased, and it becomes 2a + 2i+c; multiply thisiiew 

divisor bye, andit'gives2ac+2ic+c% which beii^ subtracted 

from the three terms last brought t]own, leaves no remainder-* 

In this manner the following Examples are solved. 

Ex. 1. 4a;*+6x'+^x' + 15x+25(2V+?r+5. 

Ax* - 



4x'+3x+5 


) 


20x*+15a;+25 




20a;'+15a?+25 






• * # 



Ex. 2. a;'+4jc^+2x*.+ 9x'-4x+4(a?+2x'-x+2 



X 



2a?+2a;')4a:*+2x* 
4x^-f4a;^ 
2jc*+4x'-a;) -2x*+9x'-4x 
-2.r^~4x^.f X 

^jc'+4x'-2x+2) -{- its? +6x^-4x4^ 
4-4ar*+8x'-4x+4 
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61. The process for extracting the Cule Root of a compound 
quantity may be explained in the following manner. By 
Art. 52. the cube 
of a-f-i is a^+ v a'+3a'i + 3Gi' + i'(a + J 

the terms being 3a' + 3ab + ilSa'i + 3ab^ + V 

arranged accord- jSa'i 4- 3a J' + A» 

ing to the powers J^; "g ~ 

• of a. The first ■' ._ 



term of the root is a, which being cubed, and this cube subtracted 
from the first term in the power (a*), l?ring down»the remaining 
three terms 3a'J-h3ai'H-6^. Next square the first term (a) 
of the root, and having multiplied it by 3, place S-a*" in the divisor^ 
divide 3a'i by 3a% and it gives I the second term, of the root ; 
to 3a* add 3a in- i% and it forins the divisor Sa"* + 3ai -f- J% 
which being multiplied by I gives Zc^l+Sah+Fi subtract, and 
nothing remains. 

62. The cube root of a compound quantity, if that root 
consists of three terms, is found by continuing the process in a 
similar manner. 

(a+i)'+3(a+i)'c+3(a+Wc'+c2(a + i-f<: 



Ha+hy-{'^{a+b)c+c 



^a•\^hyc^\■Z{a■\-h)c\•\•c' 



Thus (by Art. 54) the cube of a + tH-^ is 
(a-f-i)'+3(a + J)V+3(a + i)c'' + c'; supposing the first two 
terms of the root to have been found as in the preceding article, 
cube a + i andsubtract (a -f i) ' from the first term ofthe power ; and 
then bring down the next three terms3 (a + lYc + 3 (a + J)c' + c*. 
Square the two terms already found; which square* 
bdng multiplied, by 3, gives 3 (a + J)'; divide 3(a + i)V by 
3(a4-£)% and we have t?, the third term of the root. 
To 3(a-f*)' add 3(a + *)c+./?% and it forms the divisor 

3(a + /r)' 
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S{a+by+S{a+b)C'\-c^f which being multiplied by c, gives • 
3(a + 6)*c + 3 (a + 5) c' + c' ; subtract, and nothing remains. 

XV. 

On the investigation of the Rules for the^ Extraction of the 
Square and Cube Roots of Numbers. 

Before we proceed to the- investigation of these Rules, it wiy 
be necessary to explain the nature of the common arithmetical 
notation. 

63. It is very well known that the value of the figures in the 
common arithmetical scale increases in a tenfold proportion from 
the right to the left; a number, therefore, may be expressed by 
the addition of the units, tens, hundredsy &c. of which it consists. 
Thus the; number 4371 may be expressed in the following manner, 
viz. 4000+300 + 70+ l,orby4 x 1000 + 3 x 100 + 7 x 10+1; 
hence, if the digits^^^of a number be represented by a, A, f , J, e, &c. 
beginniilg from the left hand, then, 
Aniimb^rof 2 figures may be expressed by 10a + 6. 

3figures by lOOa+106 + c. 

...... 4 figures .bylOOOa+1006+lOc+rf. 

&c. &c. &c. 

54. Let a number ef three figures (viz. 100a+104 + c) be 
squared, and its root extracted according to the Rule in Arf . 60. 
and the operation will stand thus ; 
1. 10000a'+2000ai+ 100i'+200ac+206c+c*(iOOa+lQi + c 

10000a' 
200a + 106) 2000at + 1006' 
2000fl6+1006^ 

200a+ 206 + c) 200ac+20Jc+c' 
200oc+206c+6* 



(*) By the digiii of a number are meant the fibres which compose it, 
considered independently of the value which they possess in the arithm^ktl 
Scale. Thus the dig^sof the number 537 are simply the numbers 5,3>and 7; 
whereas the 6, considered with respect to its place in the numeration 
scale, means 500, and the 3 means 30. 
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and the operation is transformed into the 



II. Leta=2^ 

"■* ( following one ; 



40000+12000+900+400+60+1(200+30+1 
.40000 , 

400+30) 12000 + 900+400 
12000+900 

400+60+1(400+60+1 
400+60+1 



III. But it is evident that this operation would not be affected 
by collecting the several numbers which stand in the same line 
into one sum, and leaving out the . 53351 (231 ' 
ciphers which are to be subtracted in ^ ^ 

the sevecal parts of the operation. Let 
this be done ; and let two figures< be 
brought down at a time, after the »-r^^ 

square of the first figure in the ^oot y 

has been subtracted; then the ope- > 

ration may be exhibited in the manner 
anne:$ed ; from which it appears that 
the square root of 5336 1 i§ 23 1 . 



3fl33 
1129 



431133 
129^ 

1461 



65. To explain the division of the given number into penod^ 
consisting of two figures each, by placing a dot over every second 
figure beginning with the units (as exhibited in thfs foregoing 
operation), it must be observed, that, since the square root of 
100 is 10 5 of 10000 is 100 5 of 1000000 is 1000 ; &c. &c. it 
follows, that the square root of a number less than 100 must 
consist of one figure ; of a number between 100 and 10000, of 
/z</o figures; of a number between 10000 and 1000000, of three 
figures ; See. &c. and consequently the number of these dots 
wfll shew the number of figures contained in the square root of 
.1 the 
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the given number. Prom henee it also follows^ that the^rst 
figure of the root will be the square root of the greatest square 
number contained in the first of those periods^ fedconing from 
the left, Thus^ in the case of 53361 (whose square root is a 
number cdn^isting of three figures) ; since the square of the 
figure standing in the hundred's place cannot foe found either in 
the last period (61), or in the last but one (33), it must b^ 
found in the^r^^ period (5) ; consequently the first figure of the 
root will be the square root of the greatest square number 
cbntmued in 3 -, and as this number is 4, the first fiigure of the 
root will be 2. The remainder of the operation will be readily 
understood by comparing the steps of it with the several steps of 
the process for finding the square root of (a + 1 + c)* in ArJ. 60 ; 
for having subtracted 4 for the first period (5), there remaiQs I5 
hriog down the next two figures (33), and the dividend is 133 ; 
double the first figure of the root (2), and place the result 4 in 
the divisor ; 4 is contained in 13 three times, 3 is therefore the 
second figure of the root; place this both in the divisor and 
quotient, and the former is 43 5 multiply by 3, and subtract 
129, the remainder is 4 ; to which bring down the next two 
figures (61), which gives 461 for the next dividend. Lastly, 
double thejast figure of the former divisor, and it becomes 461; 
place this in the next divisor, and since 4 is contained in 4 ance^ 
1 is the third figure of the root ; place 1 therefore both in the 
divisor and quotient ; multiply and subtract as before, and 
nothing remains. 

66. The rule for extracting the cube root of numbers may be 
understood by comparing the process for extracting the cube 
root of (a+i+c)' in Art*. 61 and 62, with the following 
operations, in which is deduced the cube root of the number 
13997521. 
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,13997521 ( 20a+40+l 
V=(200)'=8000000 

IstRemunder 5997521 



3a'i=3 >c (200)' X 40^:4800000 

3a.i"=:3x200x(40)'= 960000 

t'=40x 40x40 = 64000 

5824000 
2dRemaiader 173521 



3(a+irc=3(200+40)*x 1 = 172800 

3(a+6)c'=3(200+40) xl= 720 

c»= 1x1x1= _! 

173521 



3d Remainder 000000 



Omitting the superfluous ciphere/and bringing down three 
figures at a time, the operation would stand thus j 



- 13997521(241 
2»= 8 ^ 

5997 



300 X 2* X 4=4800 

30x2x4'= 960 

4'= 64 

5824" 



173521 



300x(24)*x 1=172800 

30x24 xl*= 720 

1'= 1 



173521 
000000 



These 
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These operations may be explained in the following manner. 

I. Since the cube root of 1000 is 10, of 1000000 is 100, &c. 
it follows, that the cube root of a number less than 1000 will 
consist of one figure ; of a number between 1000 and 1000000 
of. /zi/o. figures, &c. &c.; if therefore the given number be 
divided mto periods ^ each consisting of three figures, by placing 
a dot over every third figure beginning with the units, the 
number of those dots will shew the number of figures of which 
the cube root consists ; and for the reason assigned in the 
preceding article (respecting the first figure of the square root), 
the first figure of the root will be the cube root of the greatest 
cube number contained in the first period. 

If. l{2LV\ng pointed the number, we find that its cube root 
consists of three figures. The^r5^ figure is the cube root of the 
greatesf cube number contained in 13; this being 2, the value 
of this figure w 200, or a=200 ; consequently a'=8000000 ; 
subtract this number from 13997521, and the remainder is 
599752 L Fipd the value of 3 a*, and divide this latter number 
by it, and it gives 40 for the value of I the second member of 
the root ; put this in the quotient, and then calculate the vake . 
of 3a*i'4-3ftft' + i' and subtract it, and there remains 173521. 
Find now the valueof 3(a + 6)* and divide 173521 by it, and 
it gives 1 for the value of c the third member of the root \ put 
this in the quotient, and then calculate the amount of 3(a-f-i)V 
+3(a + t)c*+^', which subtract, and nothing remains. 

iir. In reviewing the^r^^ of these two operations, it is evident 
that six ciphers might have been rejected in the value of a^, and 
three in the value of 3a*6+3ai*+i^, without affecting the ' 
substance 9f the operation; having therefore simplified tKe 
process as in the second operation, we are furnished with the 
following Rule for extracting the cube root of numbers. 

IV. *' Point off every third figure beginning with the units ; 
*^ find the greatest tube number contained in the Jirst period, 

" and . 
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^'^ and place the cube root of it in the quotient; cube it and 
^^ -subtract it from the first period^ and then bring down the next 
^' three figures ; divide the number thus brought down by 300 
^^ times the squdre of the first figure of the root, and it will give 
*^ the second tipire ; then calculate the value of 300 x square of 
*^ first figure x second figure + 30 x ^r^t figure x square of 
*^ secoTid 4- cube of second ; subtract it^ and then bring down 
^ the next period, and so proceed till all the periods are brought 
*' down/* The Rules for extracting the higher powers of 
numbers and of compound algebraic quantities ore very tedious, 
and of no great practical utility. 

XVI. 

On the general mode of expressing the Powers and 
Roots of Quantities by means of their Indices, 

67- The management of Surd quantities, and the method of 
extracting the roots of compound algebraic quantities by mean^t 
of the Binomial Theorem, will be treated of in Chapters VIII, 
and IX ; but before we conchide this Chapter, it may be proper 
to make a few observations on the method of expressing the 
powers and roots of quantities by means of their indices, 

i. Since ax a'ssa'zra"'*''; a^xa^'=:c^^(^'^^y or, in general, 
a'"xa»=a"*'***, it follows, that the different powers, of any 
quantity are multiplied together ly adding tfie indices, 

a or fl* 

ij. Again,- =a=a'-*; -=^i*=a*"^; or, in general, — = 

a'*"*; from which it appears, that the powers of a are divided 
by subtracting the indices, 

III. The square of a=<zxa=a'''*=a% 

Cube of a'=a' X a* X a* =i*^'=a', 
or, in general, m^^ power of a^^a'^xa'^x a* to m factors ssa""; 
from this it follows, that the powers of a are raised by mul- 
tiplying the index of a by the index of the power. 

IV. Square 
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IV. Square root of a*=a*=aT J 

Square root of a^^c^^pO^ ; " 

Cube root of a*=a*=saT, &c. &e.> •i.e. the roots of 
quantities are found by dividing the index of the quantity by 
the index of the root* • . 

68. jProm this method of considering the formatidh of the 
powers and roots of quantities^ anew species of algebraic notation 
arises^ of which the following are Examples. 

I. The roots of quantities may be expressed by fractional 
indices. Thus, 

The square root of a zs:a^'^:=^ai 5 

Cube root of a =a**^'=^a^ ; 

or, in general, m^^ root of a =a*^=to. 

Again, cube root of a'*=a^'^'=a^; 

Square root of a'=a^'^'=a^j '~ 

5th root of a'=a'"^*=fff • 

or, in general, m^^ root of an^a'^r^^am* . 

II. Any quantity raised to the power of is equal t6 unity. 

Thus,^=fl'»-»= (if n=w) a"— "sa*; 

But?^=l; ' - 

a*" 

Hencea^scl. 

HI. The powers and roots of quantities may be expressed by 
negative indices. 

For ?^=a""=(if w=0) a-*; 
.^* 

.tut\=-\; 
a* a 

Hence - =tf~", apd, vice versa^ a^ss — -. 
o* or* 

IV. From 



EVOLUTION. 6S 

IV. From this it follows^ that any quantity may be removed 
from the numerator of a fraction into the denominator^ or from 
the denominator into the numerator^ by changing thM sign of 
its index. 

Ex. 1. Thus {since rj^i**) 73 "*ay he expressed by a*b^ ; 

and (smcea^-3>wehave^3=:-,x^=vp^. 

Ex. 2. The quantity -^^ may be expressed by a^b^C^ 



64 



CHAP. IV. 

ON SIMPLE EQUATIONS. 



When two algebraic quantities are conntcted together by the 
sign of equality, the whole expression thus formed is called 
(Def. 1 1.) an Equation* Equations, as applied to the solution 
of questions or problems, consist of quantities^ some of which 
are knounif aI^l others unknown ; and by the solution of an 
equation is meant, the operation by which the value of the 
unknown quantities are found in terms of the known ones. If 
an equation contains no power of the unknown quantities, but 
those quantities merely in their simplest form, it is called a 
Simple Equation ; if it contains the square of the unknown 
qu&ntity, it is called a Quadratic Equation ; if the cube of the 
unknown quantity, a Cubic Equation ; &c. &c. The present 
Chapter will be occupied entirely with the solution of Simple 
Equations, and questions depending upon them. 

XVII. 

On the Solution of Simple Equations, containing onlg 
one unknown quantity. 

69* The rules absolutely necessary for the solution of simple 
equa,tions containing only one unknown quantity may be reduced 
to four^ and may be arranged in the following order. 

Rule I. 
The first rule is, that *^ any quantity may be transferred from 
^\ one side of the equation to the other^ by changing its sign f *' 

and 
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and it is founded upon the axiom^ that ^' if equals be addd to 
** or subtracted from equals, the stims or remainders will be 

*' equal/' 

\ ■ 
Ex. 1. Let j:+8=:15 ; subtract 8 from each side of the 
equation, and it becomes x+S— 8=15— 85 but 8— 8=0, 
.•.a;=15— 8=7. 

Ex. 2. Let X— 7=20; add 7 to each side of the equa- 
tion, then j;-7 + 7 = 20+7j but -7 + 7=0, .•.«=20+7 
^27. ' - • \ 

Ex. 3. Let 3x— 5=2a?+9; a^i^ 5 to e^h side of the 
equation, and it becomes 3x— 5-f-5=2x + 9 + 5, or 3x=: 2x 
+ 9+5. Subtract 2x from each side of this latter equation, 
then3x— 2a:=:2x— 2a:+9 + 5;but2a:— 2x=0, .•.3a:-2x 
= 9+5, Now 3xT-2a:=a:, and 9+5 = 14; hence x=14. 

On reviewing the steps of these examples, it appeax^ 
I. That 05+8= 15 is identical with . . . . x=15— 8.' 
. . II. • . .x— 7=20. . . . . with. . . . ar=20+7. 
lU. . • 3x— 5=2x+9... . with 3x— 2a:=9+5. 

Orj that ^^ the equality of the quantities on each side of the 
^^ equation, is not affected by removing a quantity from one 
^^ side of the equation to the other and changing its sign/^ 

From this Rule also.it appears, if the same quantity w|th the 
same sign be found on both sides of an equation, it may be left 
bat of the equation ; thus, if x+a=c+a, then.x=c+a-*-ii; 
buta"— a=0, .'.x^c. 

It further appears, that the signs of all th^ terms of an equa- 
tion maybe changed from + to — , or from — to +, without 
altering the value, of the unknown quantity. For let op— 6 
=(?— a; then, by the Rule, a:=:c— a+i; change the signs of 
/xJZ the terms, then i— x==a— c, in which case A— a+c=a?, or 
j?=c— fl+A, as before. 

K RULB 
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RULB lU 

^^ If (he unknown quantity has a coefficient^ then it» value 
^^ may be found by dividing each side of the equation by that 
^ coefficient;^' and the foundation of the Rule is^ that ^^ if equals 
^^ be divided by the same^ the quotients arising will be equal/* 

Ex.1. Let 2j:=14; then dividing both sides of the 
equation by 2, w/^ have-^=^~-5 but ---=s:x,and -5-=/* 

• . (ZtSS / . ■ • 

Ex. 2. Let 6j;+ I0=:3x+22j then, by Rule I, ^x^-Zx 
=22-10, or 3x=rl2; divids each side by 3, then ?^=-^> 

3 i 

orx=4, 

' Ex.3. Let ax=i+<:; then ?5=*±f- but^=«; 

a a a 

• • «*>■■■ , '" • 

a 

Rulb IIL 
^' An equation may be cleared of fr^tions, by multiplying each 
^^ side bf the equation by the denominators of the fractions in 
'^ succession, or by their least common multiple." This Rule 
goes upon the prkiciple, that '^ if equals be multiplied by the 
'^ same, the products arising will be equal/' 

Ex. 1 , Let -^ = 6 ; multiply each side of the equation by 3*, 
then (since, from what has been already shewn, the multipli- 
cation of the fraction ^ by 3, just takes away its denomtnatcM'^ 
and gives x) we have x=s:6 x 3=: 1 8. 

XX • * 

Ex. 2. Let ^4.^=7; multiply each side of the equation 

by 2, and we have x+ --= 14; nowmultiplyeadisideby5,and 
5 

it becomes 5x+2x=70, or 7jr?=70j hence, by Rulb 11^ 

Ex. 3. 
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Ex.3. LetJ+f=13-f. 

Multiply each side of the equatbii by 2, then x+^ss 26—^ 

3 4 

by 8, and 3x+2a:= 78-- ?f 

4 

by4.. . 12x+8a;=312-6j? 

by Rule I, 12x+8jf+6ap=312 

or2&c=312 

.-.by Rule II, x=^^*12 

This Example might have been solved more siinply, by mul- 
tiplying each side of the equation by the leasi common inultiple 
oi the numbers 2, 3, 4, which is 12. 

Thus,|+|=13-|. 

Multiply each side by 12, l|?+i|?= 156- ~, 

6r6x+4j?=156-3a?; 
.\ by Rule I, Qx-yAx+Zx^ 156 

or 13jd=: 156, and ir = ~ = 12. 

Rule tV. 

^ If the equation c6nta)nd fh6 ^qdare root of the' unknown 
^^ quantity,* or the squarerootof theunfenown quaCntity eomjbined 
^' with some' known quantity > thei^, letthi^ sufrd quantity be 
^' brought by itself to one, side ^ the equation, and let both 
^^ sides of the'equation be squared; the value of the unknown 
^^ quantity may then be found by the preceding Rules.'' lliis 
Rule goes upon* the stupposition, that ^^if the square root of 
** a quantity be equal to any given quantity, then the quantity 
** UselfynA be equal to the square of that given quantity/' 

E?t. I. Let v^x^5s=3 ; then by Rule I, 4/x=5+3=& ; 
square both sides of ttie equation, then irs8 x 8ss64^ 

Ex. 2. 
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Ex. 2. Let ^2i+ 1 + 2=5; then, by RtLB I, ^2a;+l 
=5— 2=3 ; square both sides of the equation^ and we have 

2x+l=:9; .•.2x=:9-l=8/anda;=?=4, 

• « 

70. The following Examples wJU serve to exercise the learner 
xih these several Rules. 

Iii RULB I. ' 
»^Ex, 1. 2^+3 =x +17 . . . Answer, j;= 14-. 

i Ex. 2. 5x— 4 =4a;+25 a?=29. 

/Ex. 3; 7d;-9 =6a;-S a:= 6. 

/Ex.. 4. 4a7+2ar33a?+96, . .... . . .a?=5:9A— 2tf. 

^In Rules I, and II^ I ' 

Ex. 1. ^ +1=22 . ANSWER, x=24. 

Ex.2. ^-.5^=^ • . . . ^=10. 

4 6 6 

Ex. 3. -^ JL'^^sSiOi "^ ^ •...•<«•.• . JTssSlJ. 

Ex. 4. |5~|+|=44 \ x=:60. 

^ In Rules I, II, SL 
, fx. 1. lOxsslSO , .^^ . . . • , . Answer, x=15. 
Ex. 2. 15x+4=34 • i ,, ••',.,.•. • ^= 2. • 

Ex.3. 8j?+7=6x+27 x=10. 

Ex.4. 9x-3=:4a:+22 w . . . . x=: 5. 

Ex.5. 17a;~4a;+9=3x+39 ........ ar= 3. 

Ex.6. ax-c=?6+2c , , . . . i==*±^ 

^. . , - ^. 

In Rule IV. ' ' " . ' 

Ex. 1. ^x— 1=4 Answer, x=25 

Ex. 2, V3x+1+5 = 10 ........... Jt=8. 

^3^. 3. 15 + Vj^7=19 ^ . . .. . a?=9. 

* 71. In 
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71. In the application of these Rules to the solution of simple 
equaitions in general containing only one unknown quantity^ it « 
will be proper to observe the following method. 

i« To clear the equation of fractions by Rule IIL 

rt. To collect the unknown quantities on one side of the 
equation^ and the known on thp other^ by Rule L 

III. To find the value of Ihe unknown quantity by dividing 
each side of the equation by its coefficient^ as in Rule II. 

IV. If the equation contains E^mrd quantity^ then Rule IV. 
must be immediately, applied. 

Example L 

Find the value of x in the equation _+ 1 s=2: + ir^ 

7 5 5 

Multiply by 7, then 8a?+ 7=^^+|l; 

5 5 

by 5, . . 15a;+35=:7x+91. 

Collect the unknown ijuantities'^ 

on one §ide, and the known > 15j:— 7ap=9lr'35, 

> on the other: J ^ 

' 'or 8x=56. 

Divide by the coefficient of x, ar= — = 7. 

8 

Ex.2. 

Find the.va^ue of x in the e(|uation ?iz «. j .-2 — ^* 
. . . 5.7 

5x 
Multiply by 5, then x-f- 3— 5 = 10 — =• • 

by.7...7x+21— S5=70-5x. 

. Collect the t^n&Ttozi'Tt quantities! 

on one side, and the known V 7x+5«=70— 21 +35, 

on the o/Aer; - J 

•^ or 12x=84; 



• x=^^-7 
..x-j^^7. 



Ex.3. 



^ 
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Ex.3. 

Find the value of x in the equation 



ByttaMfcia!&oa,4(kc-^5x'rl0a!— 4a:si240— 4—5. 
or40i;7-19«=231, 
i.e.21«=231j 



231 ,, 



Ex.4. 



Q 



Find the value of a: in the equation 2a:— - + 1 = 5 x — 2. 

Multiply by 2, then 4a;— jp+SSssIOjb— 4. 

By transposition, 44-2:s \0x^4x^x, 
or 6= 7x5. 

7 

orxac;.. 

7 

Ex. 5., 

What is the value of x in the.equation Sax + 26x=a3tf + a ? 
Here 3aj;+2ia:=(3a+2i) xx; 
.\{Sa+2b)xxst3c+a. 
Divide each side of the.equation by 3a +2&^ which is the 

coefficient of a; ; thena;=-?i^. 

' 3a+2ft. ... . 

Ex.6. 

(*) 'As this' step involves the case " where the sigip. *^ stands before 
a Fraction^" when the nuBierator of that fraction is brought down into the 
»ame line with AOx^ the signs of both its terms most be changed^ for the 
reasons assigned is £it3, page $S ; and we therefore make it— 5jr+5/and 
notSjr— 5. 



Ex. 6. 

Find the value of x in the equation 3bx+aisz2ax+4c. 
Bring the unknown quantities to <m^ side of the equatioB^ and 
the known to the other; then, 

Six— 2i3rj;=4c— a, 
but 36x-2aa;=:(3i-2a) xx;, 
.•..(3i— 2a)x=s4c— a. 

4eC^^Q> 

Divide by 36— 2a, ailda;=^7— tt- . 

Ex. 7. 
Find tht value of x in the equation &^+xs=2x+3a. 
transpose 2 x, then bx+x—2 x s= 3a, 
or Ax— jc=3a, 
but Ax— x=c(A— l)x5 
•s (A— l)x=:3a, 

andx=x — i* 
A— 1 

Ex.8. 

3x X 2x 

Find the ^alue of x in the equation <?.+ r=s4x+ — . 

MultipIybyaAd, thcnSAix— aAc(i+a(ix=4aAdx+3aAx. 
Bvtranspo8ition,3&dx+-a'dx— 4aAd[x^2aAx=aicd, 
or (3bd+ad -t-4aAd— 2aA)x=aAcd 
• • abed 

.•. xs=3Arf+^— 4aAd— 2aA* 

Ex.9- 

Let a/x+ V^a-fxag ^^ to find the value of x. 

va+x 



Multiply by V^+x, then i/xxi/a+x+a+x=: 2a. 

By transposiiionf V'x x i/a+x = 2a— a*- x= a— x. 

55fttarebothsides,xx(a-f x) =a''— 2ax+x% 

orax+x' =a' — 2ax+x*5 

.•.3ax =:a* 

' an4x=?l=5f. 

3a 3 
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- • Ex.10- , 



Let a +j;=\/a*+a:v^*+x" to find the value of x. 
Square both sides^ and we have d^+2ax+x^^a^+x\^Tr+o?j 

or 2ax + x'=:x Vi* + 3^. 



Divide hy Xy 2tt+^==vF-Hc*. 
1 , Square agaii^^ 4a'+4aa:+^*=i*+x*5 ' 

or4ax=J'-^4a'. 

TT Zr'"-4a' J* ' 

Hence, a:= = — — a.. 

^ 4a ' 4a 

Ex. 11. x+?^-?=ll . . . ANftWBa, j;=6. 

Ex.12, l+f+f =1+17 05=60. 

Ex. 13. 4a;-20=?^+14? x=10. 

Ex.H. _+-^-=- X--. 

Ex. 15. 3x+U^+3 ..,,.... x=i 
. 9 3 o 

Ex* 16. y-5=29-2x • . ^ . • . . :«ff=14. 

Ex.17. 6x-— -9=5x • . ... . .05=36. , 

4 

Ex.18. 2x-£+i+15=12^ . . x=12. 

Ex. 19. ^£Z:2+|_20-^ ..... .x=18. 

, Ex. 20. 5x-?^+l=3x+^ + 7..x=:8. 
, Ex.21. 2ax+i=3cx+4a .^. ... . xs^**"* 



2ffl-3c' 
Ex.22. 
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Ex.22. 6ax-26+4ix=2x+5c. . . . ^=^r— ^4t— o* 

Ex. 23. -bx-^2x''a=:3x+2c . . . x=-^^. 

— 1 

« ' ^ . „ . d+x b—x 4a'*— 36 

Ex.24. oa:-a+ca;=-^^^^.,a:= 3^^3^^^3 > 

/| XVIII. 

^O/i ^Ae Solution of Simple Equations containing Two or 
more unknown Quantities. 
For^Jie solutionof equations containing two or more unknown 
quantities/ as many independent equations are required as the^je 
are unknown quantities. The two equations neces'sary for the 
solution of the case when two unknown quantities are concerned 
may 6e expressed in the following manner, 
ax+by=:ic 
a^x+Vy^c 
where a, 6, e, ct, b\ d represent hfwavri quantities, ?md x, y the 
unknown quantities whose values are to be foun^d in terms of 
these known quantities. 

72. There are three different Rules by which the value of one 
of these unknown quantities may be determined^ 

Rule U 
Let ax+by—c {A) -i be the two equations 
and ax+b'y=^c*{B) J to be solved. 

Multiply equaLtion (A) by a', then aa'x+a'by=a'c (C) 
(B) by a, . . . .aax-{-aby==iic' (D) 

Subtract equation (JD) from (C),then (a J-a%=a'c-ac 

ac—acf 

From which we deduce the following Rule. " Multiply the 
« first equation by the coefficient of x in the second equation, 

• " and 
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** and the second equation by the coefficient of x in the first 
^' equation 3 subtract the' last of these resulting equations from 
" the ;?r5^, and there will arise an equation which contains only 
<'. y and known quantities, from which the value of y is de- 
" termined." 



Rule 11. 
From equation {A)j ax=:c — by. 



a 



(jB), a!x^c' —Vy^ .•.x= p^ 

a 



Putting these two values of x equal to each other, we have 

li:*i/=^.-*?. arid /. ac-ah'y^dc^dhy\ 

By transposition, {ah ^a\i)y=^dc—ac 

andy=— -,.. ' 

> ab—ab 

From which it appears, that *^ if the value of x in the first 
^ equation be put equal to its value in the second , there will 
'^ arise a new equation involving only y, from which the same 
*' value of 1/ is found as before/' 

Rule III. 

From equation (-4), a?= ^; substitute this value of x id 

equation (B),thena'x V ^b'y^c 

or dc'^dby + ab'y=iac 

,\dc—ac = (db^ab'}y 

J dc—ac 
andy=-7|- ,/• 
•^ ab—ab 

From which we infer, that " if the value of x found from the 
^' first equation be^substituted for it in the second, there will 
^^ arise an equation which gives the same value of y as in the 
*' two former instances.*' 

73. Having 
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73. Having determined the ralue of y, the value of x may 
be found in each case, by substituting this value for y either in 
the first or second equation. The value of x in the first equation 

IS ^ ; but y-'-TT jry .'• ^= -- • -r-TT 77/ = (by re- 

a ab—ab a a{ab—ab) 

bd—b'c 
ducinc: these fractions to a common denominator) • • ,/ 
° ab—ao 

The value of x in the second equation is — 7-^= -> — ; ,, ^ f ^^ 

a a a{ab — ab') 

= (by reducing th^se fractions to a common denominator) 

bd-b'c 



ab—alf 



as before. 



74; From hencfe it appears, that in finding the value of y, 
either of the three Rules may be applied; and that in finding 
^he value of x, the value of jf so found may be substituted either 
in the^rs^ or secmd equation. In the choice of the Rule which 
may be most adapted to practical application, experience only 
can be our guide. It may further be observed, that there are 
jcajses in which Rule I. may be ;somewhat varied j for instance, 
if the given equations be, 

-' ax + by=c {A) 

• dx—b'y=^c {B) 



Multiply equation {A) by 6', then, ab'x-\-bb'yz^b'c (C) 
.- (B) by 6, . ..., . dbx-bby^^bc {D) 



Add equation (D) to (C%then {ab'-\-db)x=^b'c-\-bc 

, b'c+bd 

and x= -r, ZY' 

-•- ab+a'b 

Having the value of x, the value of y may be found by some of 
the preceding methods. 

75. The following examples are intended to illustrate each 

Rule separately. *» " 1 ' 

V J!iX. !• 
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Example L 
- Let 5j;+4y=:55 (j4) i to i&nd the values 
.3x+2y=Sl(BH ofxandy. 



By R0LE I, 

Multiply (A) by 3, then 1 5x + 1 2i/ = 1 65 
(B)by5 ...J5a:+lOy=155 



.*. by subtractioUfWe have 2i/= 10,or j/=— =5. 
'«i Now from equation (^) we have j;= — - — ^= (since i/=5, 
and .•.4j,=20) 55^2? =3^=7. ' . 

o •> 

J Ex. 2. • 

, • Leta;+4y=16 (^)-. 

I 4x+ y=34 {B) J 



I 



From equation (^), we have x^= 16— 4 j/. 

.: (B) x=?^. 

3'4-i 



4 



Hence, by Rulb II, ^-^= 16-4y, 



oir 34-y=64-16y; 
.-. 15y=30ory=p??=2, 



It has already been shewn that a;= 16— 4t/s (since ^=^2^1 
and .-.4^=8) 16-8=8. 
. Ex.3. 

^±^+10x=192(B). 
4 

Cleareq-.(>rf)offracf.a:+2-h24y= 93,orx+24y= 91(C) 

- , . . • (B) y+5+40x=768,ory+40x=763(jD). 

From 



SIMPtfi JEaUATIONS. 77 

From* equation (C),x=z9l — 24t/', byJRuLBlII, substitute tbU 
value of X ii> equation (D) ; tben we have, 
y + 40(9l-2l2/)=763^ 
ori/ + 3640 - 960 y= 763 

.-. 95%=364<) -763=2877 
A 2877 Q 

By referring to equation (C), we have x=91— 24y5=(sinc« 
y=3, and .-. 24y=72) 91 --72 = 19. 

Ex.4. 

Let3x+4sr=29(^). j 

l7x-3y=36{B). ~ " 

In this example^ the Rule mentioned in Art. 74. must b« 
' applied thus ; 

Multiply equation {J) by 3, then '9x+ 12 y= 87 (Q 
.^^ . . . . . . . .(5) by 4 . . . 68a;-12y='H4 (D) 

231 
^da equation (D) to (C), then 77.r=2:il or a:=— =3. 

From equation (^) we have 4 j/=:29— 3x=i (since 07=3, jand 

20 ^ 

.-. 3x=9) 29-9 = 20; hence 2/= - =5. 

Ex.5. 4^+3y=3i\ _ ^^^^^ : 

3x+2sr=22r • \j/=5. 

Ex.6. 3a;+22/=4u\ rx=10 

2jc+3y=35J ' * * \2/=5. ^ 

^ Ex.7.' 5x-4y=19l ra;=i7 

4x+2y=:36J '' * \y=4. 

Ex.8. 3a;+7y=79l fxrsiO 

7. 



./• 



Ex.9. 



3a;+7y=79l ra:=:l 

2y-t^= »/*";•• l2/ = 

'4^+'= «),..... f^=" 



Ex. 



78. 



Ex.10. ■^-9"- 
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2y=2 



.5^5 



Answer, 



Ex.12. 3x^=2x4^- 

8-^=6 
5 



ra:=ll 

{x=8 

fx=13 
y=3. 



76. When /Aree unknown quantities are concerned^ the most 
general form under which equations of this kind can be ex- 
pressed^ is ax -hpyi +CZ =fd ( E) 
a'x+i'y+c2=rf (P) 
ax+Uy-^-c'z^d' (G), and the modfe of 
solution may be conducted in the followiiig manner. 

I. Multiplyeq". (J^) bya, then aa'x+a'by + dcz=ia'd (if) 
(F)bya . . . aa'x+al/y + acz^^ad (K) 



Subtract (lOfrom (H), then {db — al/)y + idc—ac)z==^dd-'act{L) . 
By multiplying V 

(F) by a, and! 

(G) by dy and/ 
subtracting thel 

latter re8ultfh,m?(a'i'-«^*'')y+(«''<^'-«<''')«=«'''^'-<^d*(^- 
the former, we I 
obtain in thel 
same manner^ J 

II. Next, let the known quantities in equation (L) be re- 
presented hyuffifY respectively; and those in equation {M) 
by a\ $>, y respectively; then those equations may be reduced 
to the following form^ viz. 
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»y'\-^z^y\ From which^ by making 
the proper substitutions in' Rule I^ and in Art. 73^ wehave^ 

III. From equation (£),we have 2=«—.J(X£5; in which, 

a a 

substituting the Values of y and % just now found, we obtain 

a a(«/3— «^') 

This mode of operation might be easily extended to equations 
containing any number of unknown quantities. 

Example I. 
Let 2iF+3y+4x=29 (£) " 

3x+2i/ + 5%=?'» ^^^ ItoftndthevE. 



.5%=32 (JF) Ito find the va 
-2^=25 (G)j '^^^^f^^y*' 



4x+3y + 2«-*'= /^N I iuc8oix,:ii,«. 



Multiply(£)by3,then6j:+9jr+ 12« = 87 (H) 
. . ., ..(F)b y2. . . 6a;+4y+ 10^=64 (JQ. 

Subtract [K) from(H) . . 5y4- 2«=23 (L). 

Multiply(F)by4,thenl2x+8y + 202= 128 
(G)by3, . ..12x+9y+ 6«=7d 

Subtract, .... — ;/+ 14«=53 (M). 

If. Hence the given equations are reduced to, 
^ 5y+ 2«=23 (L) 
-y+14« = 53 (M). 

Again .... 5y4- 2;s=23 
Multiply (M) by 5, then -52/ + 70« = 265 

By addition 72«=288, or «=^=4 

From equation (M) ys=14x— 53=56— 53==3. 

III. From 
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From equation (E) . . j:=r:?5z:4^L:^=29-25^2 



III. 



2 
Ex. 2. a:+yH-«=90 ] j^a:=35 

30 
25. 



Ex.3. 



2x+'J0=32/ + 20 I . . . . Answer, Jy = 
2jc-|-40=l2.+ 10} \zz= 

x+ )j+ z= 53"! ^ rx=24 

a:+2y + 32:=105 I "• - • • J y= G 

^+32f + 4;s=l34j t2;=23. 



XIX. 

TAe Solution of Questions producing Simple EqucUions. 
In the reduction and management of equations, we have pro- 
ceeded by fixed and stated rules ; but in the solution of questions 
we have no such rules to guide us. Every particular question 
requires a distinct process of reasoning, to brin/^ it into an alge- 
braic form ; and nothing but practice and experience can produce 
expertness and facility in eiFecting this process. All that can be 
done for the learner in this case, is, to explajin the manner in 
which the principles of this science may be made to .bear upon 
questions in general } for as soon as they can be brought into 
.the shape of £9Z^/io7Z5, we have only to apply the foregoing 
Rules for finding the value of the unknown quantity or quan- 
tities. Before we proceed, therefore, to any actual examples, it 
may be proper to shew the relation which arithmetical and 
algebraic operations stand in to each other. 

77- Suppose the following. arithmetical question was proposed 
for solution; viz. " To divide the number 35 into two such 
" parts, that one part should exceed the other part by 9.** 
A person unacquainted with Algebra might with no great 
difficulty solve this question in the following manner. 

I. It appears, in the first place, that there must be a greater 
and a lesser part. 

II. The greater part must exceed the lesser by 9. 

111. But 
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III. fiut.it li evident that th^ greliter and lesser parts added 
together must be equal to the whole number 35. 

IV. If then we substitute for the greater part its equivalent^ 
viz. " the lesser part increased by 9",*' it follows, that the lesser 
part increased by 9, with the addition of the said lesser part, 
» equal to 35. , 

V. Or, in other words, that ttvice the lesser part with tlic 
addition of 9, is equal to 35. ^ 

V I . Therefore, twice the lesser part must be equal to 35, with 
9 subtracted from it. 

VII. Hence, twice the lesser part is equal to 26. 

vnr. From which we conclude^ that the lesser-part is equal 
to 26 divided by 2 3 i.e. to 13» 

IX* And coneequently, as the greater part exceeds the lesser 
by 9, it must be equal to 22. 

But by adopting the method of algebraic notation^ the dif- 
ferent steps of this solution may be much more briefly exp^ssed 
as follows. 

. I. Let the lesser part n^x. 

II. Then the greater pB.rt =rx + 9. 

III. But greater part + lesser part .... =35. 

IV. .'. x-\-9+x =35. 

v. or 2x+9 =35. 

VI. .-. 2x =35-9. 

y.n. jot 2x =26. 

VIII. .'. X (lesser psLTi) =—=13. 

IX, .ajid.^+9 (ff|fiaif^.part) . ..,.•• =13 + 9=22. 
M 78. Havi!ig 
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- 78< Having thus explained tte manner in which the several 
steps in the solution of an arithmetical question maybe expressed 
iuthe language of Algebra, we now proceed to its exemplifi- 
cation. 

Question 1. 

There are two numbers whose difference b iS and their 
Mim 59. What jare the numbers ? 

As their difference is 15, it is evident that the greater number 
must exceed the lesser by 15. 

Let, therefore, xssthe lesser number 
then will x+ 15 =: the greater 

But their .^m=:59 

••• x+a:+15ss59 

or 2j?+ 15=59 

and 2x=r 59- 15=44 
44 
.*. j;s=-^=22 the lesser number '' 

and a;+ 15 = 22 + 15=37 the greater. 

Question 2. 

What two numbers are those whose difference is 9; and if 
three times the greater be added to five tii^es the lesser^ the 
sum shall be 35 ? 

Let j;= the lesser number ; 
then x+ 9 ^^reatet number. 
And 3 times the greater =3 x (x-f 9)=3a7+27, 
5 /tines the lesser =5j?. 
But by the question, 3 times the greater+5 times the lesser=35 . 
Hence, (3x+27) + (5x) ..... . =35, 

.-. 8x+ 27=35, 
or 8x=35 — 27 = 8; .% j;=l fcsser number, 

Tind j;+9= 1 +9= 10 the greater number.' 

Qu. 3. 
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, Questions. 

What number U that to which 10 being added, fths of the 
sum shall be 66 ? 

Let x=: the number required ; 
then x+ iOsthe number, with 10 added to it. 

Nc,w|th.of(x+10)=i(x+10)=Jl£+12L=^±30. 

h 5 5 

But, by the question, |ths of (x+ 10) =665 

Hence, — ^ — 
5 

Multiply by 5, then 3x+30=330; 

.-. 3x=330-30=300; orx=?5?=100. 

Question 4. 

What number is that which being multiplied by 6, the 

product increased by* 18, and that sum divided by 9, the 

quotient shall be 20 ? 

Let x= the number required 5 , 

then 6xssthe number multiplied by 6; 

6 J^+ 1 8 s the product increased by 1 8, 

6j?4-18 
and -tZ — -5 that sum divided by 9. 

•7 

Hence, by the question, !52±li= 26. ' 

Multiply by 9, then 6x + 1 8 = 1 80, 

or6x=180-18=1625 orx=i|^=27. 

o 

Question 5. 

A post is |th in the earth, ^ths in water, and 13 feet Dut of 

the water. What is the length of the post ? 

Let x= length of the post 3 

then ^=the part of it in the earth, 
5 

~- = the part of it in the water, 

13 =r the part of it out of the water. 

But 
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But part in earth + part in .wator + part out of water =s whole post ; 

. ••• G) + (f) + ■ " = - 

Multiply by .5 , then x + -^ + 65 = 5x ; 

.... .by7 . . 7:c + 15x+455=85x, 

6r 455=85x— 7a;— 15a:?=13x. 

455 
Hence a;=-r^ =35 length of post. 

' '■ ' ■; 

Question 6. 
After paying away ^th and f th of my money, I had £.85 left 
in my purse; What money had I at first?. 
Let x== money in purse at first; 

then 2 + r=inorifey paid away.' 
But money at first — money paid away = money remaining. 
Hence x — \Z^^) ^ ^^' 

. XX QC • . 

I.e. a?—7— - 5= oo. 

47. 

4ui? 
Multiply by 4, then Ax—x — ;r^=340; 

.... .by 7 . . 28a;- 7^-4^;= 2380, 

.'. 17a;=2380; ox xrJ^^^lAQL 

Question 7. 
Of a battalion of soldiers, |:th are on duty, ^th are $ick, 
^ths of the remainder are absent, and there are 48 officers. 
What is the number of persons in the battalion ? 

Let jc=the number of persons in the battalion. 

3r 
Then ^ths ofxy or-^ , =men on, duty. 



Jth of X, or r^:, = the sick \ 



AndL 
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Hence ar — i- =^= remainder, ' : 

And fths of ^, or ~ ' =|tlis of remainders: the absent; 

A\} lUU 

But the men on duiyj the sick, the aiienf, and the officers 
together^ make up the whole batlalion; 
\7x , 9x , AQ __. 

orl7xH-^ + 960=20a:j 
5 

/. 85x+9x+4800= lOOx. 
Hence i00x~85x-9x=4800, 

or 6x=4800 5 pr «= __=:800. 
o 

QlTESTlON 8. 

There are two numbers, such, that 3 times the greater added 
to fd the lesser is equal to 36 ; and if twice the grfeater be sub- 
tracted from 6 times the lesser, and the remainder divided by 8, 
the quotient will be 4. Wiiat are the numbers? 
Let x= the ^»-e«/er number, 
y g? the lesser number ; 

Then3x+|=36| 9^+ j,=iOs 
6y-2x _ A °'' ey-2x= 32; 

Or,y+9x=108(^), 
6y-2x=:32 (J5). , 
Multiply equation (A) by 6, then 6i/+54x=648 
Subtract equation (J5) • • • 6y— 2x= 32; 

then 56x=6l€; 
.616 ,'4 

From equation A. . . . j,= 108-9«-:l68-99=9. 

QtJ. 9. 
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"QUESJION 9. ~ * 

There is a certain fraction^ such^ that if I add 3 to the nu- 

meratOFj its value will be f d; and if I subtract one from the 

denominator^ its value will be -^th. \Vhat is the fraction ? 

Let x= its numerator-) ,, .i r *• • a? 
> then the fraction IS »• 
y=r: denommator-' y 

Add 3 to the numeratdr, then -JL. =-« 

y 3 

X \ 
Subiract one from denom'., and._. = - 

y-l 5J 

By transposition, y— 3xr=9 {Ai, 

y-5«:=l (B). 

Subtract equation (B) from ^A), and we have 

2«=8; 

8 
/. x=-=4 the numerator. 

From equation {A) y^9+3x=9+ 12=21 the denominator. 

» 4 

Hence the fraction required is — • 

Question 10. 
A and B have certain sums of money; ^ys AtoB, give me 
.15/. of your money^ and I shall have 5 times as. mnch as you 
will have left; says B to A, give me 5/. of your money^ an^ , 
I shall have exactly as much as you will have left. What 
sum of money had each ? 

Let x=^'s money \^ , ^ _ what A would have after 

y=B*s ....-' receiving \5L from B. 

"y — 1 5 = what B would have left. 
Again^ 2^+5,s:what B would have after 
receiving 51. from A. 
X — 5 Fs what A would have left. 
Hence^ by the question, x+15=5 x(y—15=)5y— 75,-1 
andj^+ 5s=x— 5. / 

By transposition, Sy^xszSO {A), % 

andy-x=s-10(J5)./ 

Set 
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Set down equation (ji) 5y— xs^90. . 
Multiply eq°. (jB) by5, 5y— Sxss— 50, 



Subtract (J5) from (A) 4j;= 140^ 

/, x= -J- =35 u« s money. 
From equation (^) 5y=:90+ap=90 + 35=125; 
.*. y=-T— =25 B'9 money. 



Question 11. 
A person bought a certain number of sheep for 94/; having 
lost 7 of them^ he sold ^th of the remsunder of them at prime 
cost for 20/. How many sheep had he at first ? 
Let a;=number of sheep «he had at first. 

m. ^94 whole sum u ^ l u 

Then — =^ — ; r-; =what each sheep cost. 

X number of sheep 

Now x — 7 = number remaining when 7 were lost; 

a?— 7 

.•. =the number sold for 20/. 

4 

But the number sold x price o/*eacA= amount of sheep sold* 

J, 7 94 . 

Hence..by substitution, — - — x — =20, 
4 X 

or-(j?-7)x94 =80x, 

iiC. 94x-658=80a:, 

or94x-80x=658, 

.\ 14a:=^658;-ora;=^=47- . 

Question 12. 
^ A and B have the same income ; A is extravagant, and 
contracts an annual debt amounting to yth of it; B lives upon 
•^ths of it: at the end of 10 years, J3 lends ^ money enongh 
to pay off his debts, and has then 160/. to spare. What is 
their income? 

Let 



. .*. by substitution, 2x== -— + 160, 
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Let xsstheir income* 
Then ^-tb of x, or r-=-4's annual debt, • 

X 10j7 
and 10 X - or ---—=^'8 debt contracted in 10 t/^ari. 

7 7 ' , 

As JB lives upon ^ths of his income, he saves annually^ -fth of it; 

X 

. hence, -=£'8 annual saving, 
■ , .0 . 

X IOj? 
- and 10x.M, or — r— > or 2x==JB'8 savings in 10 years. 

do 

But, by the question, jB's savings =^'s debt+ 160; 
:ion, 2x== -— +16 
or 14x=l0x4-ll20, 
and 4x= 1 1 20 ; or x= ~^= 280/. 

Question 13. 

A person was desirous of relieving a certain number ofi^ieggars 
by giving them 25. 6d. each, but found that he had nor money 
enough in his pocket by 3 shillings ; he then gave them 
2 shillings each, and had four shillings to spare. What money 
had he in his pocket; and how many beggars did he relieve? 
Let x= money in his pocket (in shillings), 
T/=number of beggars. 

Then 2^ x j/, or -:i =N^ of 5 AiZ/'. which would have 

[been given at 25. 6d, each. 

and2xj/, or 2y= at 25. each. 

Hence, by the question, -^=x+3 (A), 

and 2j^=:x-'4 (B). 

Subtract (B) from (^), then |*=7, or y=14,the number of 
V [beggars. 

From eq'».(B),x=2y +4=28+4=32 shillings m his potsket. 

Qv. 14. 
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Qdbstion 14/ 
^ A penon paiaed ^th of his age in diildhood, ith in youth, 
T*+5 in matrimony; he had then a soii whom he survived 
4 years, and who reached only i the age 6i his father. At what 
mge did 'this person die? 

Let X =s age of the person at the time of his death. 
Then -=time spent in cUldhood. 

S'^ ^° y^^' 

X 

7+5= in matrimony. 

" B^U'*'?'*'^'"^ **' *•** P*"*** when ih* wii 

[wa» born, 

and «-_----_ 5-, ntenral between birth of the son 

[and the old man's death : 
t x' X 
•'• *~g'~ i2~J-^'-*='*^otthe son when he died. 

But, by the qpestion, the son died at } the age of his fifther, 

Hence, «-?- £-- f^o-? 
* 6 12 7 2* 

Mult'.by 12,then 12x-2K-x-i2*_ 108=s6«, 

or3x-li5=108, 

I 7 

• and21a;-l2x=756j 

.-,--- .••9«=rS6;or«a^^84. 

QOBSTION IS. 

To find » number, such, that whether it is diWded into two 
or thru equal parts, the oontinaed product of the ptrta shaU be 
equal to the same quantify. "^^ 

" - L*t 
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Let xs(he number rj^uired. 

7 x^= continued product, Vdien the nnnifter 
"^ .2 [is divided into /ii/o parlfc, , 



Then* "^ 



aiid ?x^x^=:continued product, when the number 
3 ^ ^ [is divided into tkree parts. 

Heneej \^^^^x^x^:p a?*_ar5 



}x x_^x ^ ^ — ^ 
, , 2 2""3^J^3' ^'^T"~27^ 

Divide by x% then 27=:4a:, 

27 
and Tss-j- =6|:, the number required. 

Question 16. 
Theite^is a certain number, consisting of two digits. The suiH 
of those digits is 5 ; and if 9 be added to the number itself^ the 
digits will be inverted. What is the number ? 
Let x^left'hand digit. 
' y ^right-hand digit. \ 

Then by Art. 63. 10x+y=the number itself, . 

and lOy+xs the number with digits inveried. 
Hence^ by the question, a:-fy=5 {A)y 
anJ lOx+y +9=?10y +a?, or 9j;- 9ya -9,orx-j/= - 1 (J5). 
Subtract (J5) from {A), then 2y=6, and 9=3, 

x=5-y=5-3=:2; 
.*. the number is {\Ox-\-y) 23. 
Add 9 to this number, and it become832, whichisthenumber 
with the digits inveried. 

Qy. 17. ,What two numbers are those whose difference 
is 10; and if 15 be added to their sum, the whole will be 43 ? 

' Answer, 9, and 19. 

Qc 18. There are two numbers whose difference is 14; 
and if 9 times the lesser be subtracted from 6 times the greater, 
the remainder will be 33 ; , What are the numbers ? 

Answ. 17, and 31. 

Qu. 19. 
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Qv. 19. What nitmberis thtft^ to wUch if I add 20^ ^ud 
Arom |ds of this sum I subtract 12^ the remainder shall be 10 ? 
< Answer^ 13, 

Qu. 20. What number is that, of which if I atld ^d, Jtb, 
and yths together, the sum shall be 73 ? 

Answ. 84. 

Qu. 21. Two persons^ A and By lay oat e<|ual sums, of 
money in trade; A gains 120Z., and B loses SOL ; and now 
-<4's money is treble of B's; What sum had each at first? 

Answ. 180Z. 

Qu. 22. What number is that whose ^d part exceeds its ^th 
by 72? Answ. 540. 

Qu. 23. There are t^o numbers whose sum is 37; and if 
3 times the lesser be subtracted from 4 times the greater, and 
this difference divided by 6, the quotient will be 6. What are 
the numbers? Answ. 21, and 16. 

Qu. 24. There are two numbers whose sunt is 49 ; and if 
^th of the lesser be subtracted from yth of the greater, the 
remainder will be 5. What are the numbers? 

Answ. ' 35, and 14. 

Qu. 25. What two numbers are those, to one-third, the 
sum of which if I add 13, the result shall be 17 ; a\id if from 
half their difference I subtract on^, the remainder shaHb^two? 

Answ. 9, and 3. 

Qu. 26. There is a certain fraction, such, that if I add one 
to its numerator^ it becomes ^; if 3 be added to the denomi- 
nator, it becomes |. ' What is the fraction ? 



Anew. ^ . 

13 



Qu. 27. 
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Qv. 27. A pmon hat two-bosM^aiki a Mddle wofdi 10/..; 
if th* saddle be put^im the^r|/ horse, his value Iteeom^^ drnf^e^ 
that of the second; but if the saddle be put on the swmd hon^ 
&ii value will not amount to that of the first horse by 13/. 
What is the value of each horse? Answ. 56 and 33. 

Qu. 28. To divide the aumber 72 into three parts^ so that 
I the^n^ part shall be equal to the second, arid ^ths of the 
second part equal to the third. Answ. 40^ 20, and 12. 

Qu. 29. A person after spending -fth of his income plus 
lOLf had then remaining ^ of it plus 35L Required his 
income. ' Answ. ISO/. 

Qu. 30. A^mester at one sitting lost -J-th of his money, 
and then won 10 shillings; at a second he lost jJ of the re- 
mainder, and then won. 3 shillings ; after which he had 3 guineas 
left. ', What money had he at first ? Answ. 5/. . 

Qu. 31. There are two numbers, such, that { the greater 
added to \ the lesser is 13; and if \ the lesser be taken frona 
4d the greater, the remainder is nothing. What are the 
Aumbers? Answ. 18 and 12. 

Qu. 32. There isr a certain number, to the sum of whose 
digits if you add 7, the result will be three times the left*hand 
digit ; and if from the number itself you subtract 18, the digits 
will be mi/er/ec/. What is the number? Answ. 53. 

Q0. 33. Divide the number 90 into four such parts, that 
the first increased by 2, the second diminished by 2, the third 
multiplied by 2, and the fourth divided by 2, roay.all be equal 
to the same quantity. Answ. 18, 22, 10, 40. 

Qu. 34 . A merchant has two kinds of tea, one worth 95. 6</. 
per pound, the other 1 35. Hd, How many pounds of each mii^t 
he take to form a chest of 104 lbs. which shall be worth 56/. ? 

Answ. 33 at 135. 6i. 
71 at 95. 6d. 
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Qa.35. A YesMl contdiiipg 120 gdhms » flledi in 
10 miiitttit by two spouts nmning suecBssweh/; the one nuis 
14galkmt in a minute, the .other 9 gallons in a minute* 
For what time has each spout run? 

AnswbRi 14 gaDon spout runs 6 minutes. 
9 gallon spout • • • 4 minutes* 

Qo. 36* In the composition of a certain quantity of gun- 
powder^ |ds the whole + 10 was nitre; ^th the whole— 44- was 
sulphur; and the charcoal, was yth pf the nitre -^2* How 
oiany pounds of gunpowder were there ? 

Answ. 69 pounds. ' 

Qu. 37* To find three numbers, such, that the Jirst with 
I the sum of the second and third shall be 120; the second 
with |th thediff^rence of the third md^ first shall be 70; and 
f the sum of the three numbers shall be 95 . 

' Answ. 50,65,75- 



94 



CHAP. V. 

ON QUADRATIC EQUATIONS. 



Quadratic Equations are divided into pure and aifected. 
Pure quadratic equations are those which contain only the 
^Mcrrv of the unknown quantity; such as x*ss36; j;*+5=s54; 
iffjB^'— £ s c; &C. Adfsqled quadratic equations are those which 
involve both the square and simple power of the unknown 
quantity, such as aj'+4x=45; 3x'— 2x=2l3 ax'' + 2bx 
•sc+rf^ &c. &c. 

XX. 

On the Solution of Pure Quadratic Equations* 

79. The Rule for the solution of pure quadratic equations 
is this^ ^'Transpose the terms of the equation in such a manner, 
'^that those which contain x^ may be on one side of the 
'' equation, and the known quantities on the other; divide 
** (if necessary) by the coefficient of x'; th6n extract the square 
'< root of eadi side of the equation, and it will give the value 
"ofx." 

Ex. 1. 

Letx*+5=54. 
By transposition, id*=54— 5=49. 
Extract the square roof^ 

of both sides of the S thena;=\/49=:7. 

equation J 

Ex. 2. 



Ex.2. 

Let3«*-4=71. 

By transposition, 3x'=7l +4^75, 

Divideby3,«'=n5=»:25. 
o 

Extract the square root, j:=:a/25=5. 

Ex. 3. 
Let5a;*-27 =3x»+215. 
By transposition, jx*— 3x'=215 + 275 
or, 2a?'=242; 
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.-. x*^ 


242 
2 


= 121, and x= 11 


Ex. 4. 






Let aa;'r-6=Pc; . 






then ax*—c+l, 






and X— — J 
a 


orx= 


V-^'- 



Ex.5. 
Let ax*-5c=ix'— 3c4-d: 
Then aa?'r- ia:"a^^ c —3 cH- rf, - 

or (a-i)x'=^<:4-d> ^^ ^^ 

, 2c+d ^ , ^_^ /2c+5 ■ 
fl— i' V a— 6 

Ex. 6. 5x'- 1 =244 . . . Answer, x=7. 
Ex.7. 9x'+9 =3x'+63 x=?3, 

Ex.8. 1^ =45 x=10. 

Ex. 9. ix'+c+3 =26x'+l ..... x=i^i:!^. 
Ex. 10. 2ax'+i-4=<:x'~-5-H*-«»' . .x=y/. ^^^_~ i. 



xxi. 
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. XXL 

On ike Sohaion ofAdfected Quadraiie Equa^mM. 

80. The most general form under which an adfected quadratic 
equation can be exhibited is ax^+bx^t; where a, bj e may 
be any quantities whatever, positive or negaiwe^ integral 
or fractimaL Divide each side of this equation by . a, then 

x^+'-x^'-. Let *-8sp, --=9; then thb equation i9 ledoeed 

to the form af+pxtrtg, where p and q may be any quantitica 
whatever, positive or negative, integral or fractional. 

81. From the twofold form under which adfected quadratic 
equations may be expressed, there arise two Rules for their 
solution. 

RULB I. . 
Letaf± pxssq. 



3 



Add''- to each side 
4 

of the equation, then 

Extract the square niot J x±| ^ ^^P"+^Q^ ^ 

erf each side of the > ^ 

equation, then I ^nd x=i!^!ii£^ 

2 



(•) nit'qiiaotity U the fi|iiare of »^ S, for 

- .±5 






(^) Since the iqaare ef+M U+<i>, muI of—, it mbr+tf, lb* sfuara 
•••Xof +* mayb»«ltt«r+«or-r-«; h^ncc the •qoaren>ot.f^+49may 
be expretwd by ±V/>'+4f.' 
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Hence it appears^ that '^ if to each ade the equation there 
^^ he sdieddie square of kay^ thecoejkimt of the secmd t 
^^ there will arise^ on the left-hand side of the e;quationj aquaa- 

^^titjr which 19 the square ofx + ^; and by Extracting the 

^* square root of each side of the resulting equation^we obtain 
** a simple equation, from which the value of x may be de- 
'^ terniined/' 

RulbIL 

Letaj?* + i»=<?. 
Multiplyeachsideofthev^^.^^ ^^j^^^^^ 

equation by 4a, -* , ^ • 

Add b* U> each side,we have 4a V ± Aalx + ^'^*^ = 4a c + i*. 
Extract the square root as before, 2aa;±i= ± \/4ac+6" 



.•. 2aa:=s±\/4ac+/r'qFJ 

. ±i/4 ac^yyfe 

and x= = s 

2a 

FroiA which we infer, that ^^ if each side of the equation be 

*^ muhiplied hy Jhur times the coefficient ofx\ and to each side 

*' there be added the" square of the coefficient ofx, the quantity 

^^ on the lefk-1iand side of the equation will be the square of 

*^ 2ax±L Extract the square root of each side of the equa- 

** tion,and there arises a simple equation, from which the value 

** of X may be determined ^*K'* 

If 

(<) This quantity is the square ofSa^+K for 
9ax±b 

Aa*3^±^ahx 

(' ) The principle of this Rule wiU be found in the BffaGaniia^tk Hmdo6 
Treatise on the Elements of Alf^ebnu For a f uU account of that work, as 
translated by Mr. Strachey^ see Dr. Huttok's Tracts^ Vol. II. Tract 33. 

O 
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If a=l, the equation is reduced to the form n^-jt^pxsAqi 
in this case, therefore, the Rule may be applied^ by *^ mul«- 
^^ tiplying each side of the equation by Ay and adding the square 
*^ of the coefficient of x/' 

82. Either of these Rules may of eourse be applied to th« 
solution of adfected quadratic ec^uations ; bur it may be proper 
to observje, that in equations of the' form flfx*±ix=c where m 
is a small number, and in those of the form a?±.pix::=:q where 
p is an odd number^ Rule IK will be found by far the most 
convenient. 

83. From the form in which the value of x is exhibited in 
e^ch of these Rules^ it is evident that it will have two values ; 
one corresponding to the sign +, and the other to the sign **-^ 
of the radical quantity. In the following examples^ the/K)yt/it;e 

, values' only oix are inserted at the end of the splution. 

Example I. 

Leta;'+8xs=e5. 

By Rule I^ add the square of 4 {i.e. jj to each side of 

the equation, then . . . x'+8x+ 16=65 + 16 = 81. 
'Extract the square root of each side of the equation^ thes 

(3?+f,or) . ..... x+4=v^81 = 9, 

andx=9— 4«=5. 

Ex.2. 

Let X*— 4x=45. 

square of 2, i.e. 4, then ^ 

Extract the square root, and (a;— ?,-or J x— 2=V'49=7> 

. andxs=7 + 2=:9, 

Ex. 3. 
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Ex. 3, 

Let3a:*+5x=42* 
By RuLB II, multiply each ^ 
side of the equation by >36x'+60x=504. 
'(4«) 12; then . - ^ - J 
Add (*'-) 25 to-ch sidej^g^^ ^^^ ^ ^ 

of the equation, we have -^ 
Extract the square root of each side the equation, which 
gives (2aa:+i^ or).- - * - :. 6x+5=yo29=23 • 

.-. 6x=23-5=al8 







and x= 


18 

■ 5"" 


p3. 




Ex.4. 








L€t7x«x 


:?"x=32, 




. . 




.'. x'x 


2n.r 32 
7 7* 









Complete the^Square bv Rule I, 

• thenx^><20x" iO^=^+l£2=2^^^ 

7 49 / ^ 4^1 49 ^49 49 

. Hencexxl?=./?H1=:18 
7 V 7 7 

^ . ^ 18^10 28 . 
andx=yH-y=_=4. 

Ex. 5. 
Letx'-15x=--54. 

By RULB II, mul-\ ^ « /.A o.r. 

'. , , ; -f thcB 4x'-60x= — 216. 
tiply by 4 . .'.-' 

Add (6^)225 to \ , , , 

each side l^nd 4x---60x4- 225 = 225-21^=9. 

Extract the square root 2x — 1 5 =± a/9=:+3 

.-. 2x=15±3=18orl2 



and x== ^or^=t o*6» 



Ex.6. 
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Ex;6- 
Let4x»-3jc=85. 
ByRulell. ipul- 
tiplyby 16^and 

add square of 3 >64jp'-48jt?+9*1360 + 9=1369. 
to each side of 
the equation 



Extract.the-1 8a;-3=v^l369=^37 

square xoot ( /. 8x=b37+3ss40> or a;a='^^5. 



40_ 



Ex. 7- 

Multiply by 3, then 4x*-33 =x. 
By transposition ^ • . 4a;'— ir =34* 
Multiply by 16, and add-x 

1 to each side of th^ U4x^- I6x+ 1 ==528 + 1 =529. 

equation (Rule II.) «^ 

Extract the square root, 8x- 1 s=a/529=23 

or 8a:=23 + la:24/ 

and 47= — =3. 

- 8 

' Ex. 8. ' . ^ 

Let5a?'+4x=273j 

then:c»+l5=243 
5 5 

and by Rule J. x'+^+±^?B+±^]^ ' 
5^25 5 ^25"" 25 

- .,.^ 5 5 ' 

Ex.9, 
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Let ^ + 2=5. 

X 

By transposition, 6a?*— 4a;=2. 
ByRuLElM00x'-80x+ 16=40+ 16=56. 
Extract thesquare root, lftr--4=v'56 

and 10x=v'56+4=7.48+4=11.4S 

Ex. 10. 
Let 13x*+2x=60. 
Divide by 13, x*+.H£=^ 

ByRcLBl. 1 



13 W 



iidathesquarela.". ?f . ' _^4.J__780 1 7S1 

fi f 13 169-13"*'l69-l69+Iti9=l69- 
is' J 

Extract the \ J V781 _27.94 

square root J ^ 13~ 13 ~~~l3 ' 

, . .-27.94-l_26.94^ - 

13 IF^-^-""- 

Ex. 11. 

het2lix'-ex=d. 
By Role II. multiply 1 ,',. , „, . , 

by 8i, and add .y^} \6*V-8ic«+c'=8A'^+.% 

Extract the \ • , -_ 

square root "^ voi/u-rc 

.% 4ia:=V8A£i-f c*+c, 
orx='5^^4+Z±f: 

Ex, 12. 
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F.x. 12. 


i;'+l2a;s=108 ..... . x=6. 


Ex. 13. 


jr'-'14a:=5l ...,,,. aj=17. 


Ex. 14. 


x' + Ux=c' ..... .". x=y/c''+9b'-5h. 


Ex.15. 


3x' + 2x=:l61 . . .... a-=7. 


. Ex. 16. 


2x''-5j;=117 ar=9. . 


Ex. 17. 


3x'-2x=280 x=10. 


Ex. 18. 


7x'-20x=32 ..... .■x=4. 


Ex. 19. 


5x'+'4x=273 . . . . . x=7. 


Ex. 20. 


4x'-7x=4!>2 x=12. 


Ex. 21. 


^'_1=:X+11 ...... x=12. 

6 


Ex. 22. 


25+14 . ....^=3.or4. 

3x6' 


Ex. 23. 


|-:I:=9 x=:6. 

3 i5 


Ex. 24. 


X+'=3 x==2. 

X+1 X 


Ex.25. 


x'-34=lx . x=6. 


Ex.26: 


f+-=5i .x=25orl. 

5 X » ^ 


Ex.27. 


X+1+ x =6 ' ^^ 


. Ex. 28. 


^^, ^~'-x-9, . .'x-10. 
xf2 6 


Ex. 29. 


x'-6x+ 19=13 .... x=4.732 or 1.268 


Ex. 30. 


5x"+4x=r25 ...... x= 1.871. 


Ex.31. 


4ax —lx=e ...... x=- — ^^ -. 

00 

-. '_ rt 


Ex. 32. 


?+?:^? x=I±^-a'. 

a X a 
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XXIL 

On the Solution of Questions producing Quadratic 
Equatio'ns. 

S4. In the solution of Questions ^hich involve quadratie 
equations^ sometimes both^ and sometimes only OTie of the values 
of the vnknomi quantitVy will answer the conditions required. 
This is a circumstance which may always be very readily deter- 
mined by the nature of the question itself. 

Question 1* 
To divide the num!)er 56 into two such parts^ that their 
product shall be 640. 

Let x= owe part, 
then ^6— x=the other part, 
and x(56 — x) ^product of the two parts. 
Hence, by the question, a(56— x) =640, 
or SGx— x*=:640. 
By transposition, x*— 56x== —640. 
Byeompkting^th^^^^^ }x--56x+784=784^640:== 144 ; 

.-. X-28=:±^144=:±12, 

and x=28dt 12=40 or 16. 

In this case it appears that the ttvo values of the unknown 
quantity are the two parts into which the given number was 
required to be divided. 

Question 2. 
There are two numbers whose diflFerence is 7, and half their 
product plus 30 is equal to the s([uare of the lesser number. 
What are the numbers ? 

Let X = the lesser number, 
then X + 7 = the greater number, 

and^.^^^"'"^^430=ihalf their product pfwy 30. 

Hence, 
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Hence^ by the question, ^^^^ ~ + 30=a:' (square of lesser) , 

or — 2 — "+^^=^' 

Multiply by 2 . . • x"Hr7x+60»2j?*. 

By transposition x*— 7x=:60, 

Multiply by 4, and add |4^,_28a.+49=240+49=289, - 

4y (ItULB 11.; J . 

'.-. 2x-7='v/289=17 

2 ar= 1 7 4- 7 = 24, or 0?=: 1 2 fcsi^ number 5 
hence x +7 = 12 + 7 = 19 greater number. 

Question 3. 
To divide the number 30 into two such parts, that their 
|)roduct may be equal to eight times their difference. 

Let a;=the lesser part, 
then aO — a;=the greater part, 
and 30— X— a; or 30-^ 2a;=their difference^ 
Hence, 6y the question, x x (30— x) =8 x (30— 2x), 
or30x-x'=240-16x. 
By transposition, x''—46x= —240. 
CompteteAe square, }^«^ 46^+529= 5 29 -240=289 j 

.:. x-23=±-/289=±17, 
and a;:^23± 17=40 or 6=fe55cf part; 
30- a:= 30 - 6 = 24:=zgreater part; 

In this case, the solution of the equation gives 40 and 6 for 
the lesser part. Now as 40 cannot possibly be a part of 30, 
we take 6 for the lesser part, which gives 24 for the greater 
patt; and the two numbers, 24 and 6, answer the cotiditioDs 
required. . 

Question 4. 
A person bought cloth for 33/. 15^. which he sold again at 
21, 85. per piece, and gained by the bargain as much as one 
piece cost him 3 Required the number of pieces. 

Let 
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Let xsthe number df pieces. ( 

Then — ^ s£ number of shillings each piece costj 

and 48 £=: number of shillings he. sold the whole for ; 

•'. 48x— 675 s? what he gained by the bargun. 

675 
Hence, by the question, 48a:— 675=-^. 

X 

By transposition ") t_225 ^225 
and division, / TS "" 16 * 
Complete the ^^225 - 5Q625 _ 225 50625 _6j025, 
square,(RuLHl.)i 76* 1024 ""16 1024 "* 1024 ' 

_225_ /65025 256 
•'• ^ 32 ""V 1024*^32* 
^ :,255 + 225 _ 

QiJBSTioN 5. 

A and B.set off at the same time to a place at the distance 
of 150 miles. A travels 3 miles an hour faster than J3, and 
arrives at his journey's end 8 hours slnd 20 minutes Z^^/br& him. 
At what rate did each person travel per hour ? 

Let xzsrate per hour at which B travels, 

,' Then x+3= A . . * . 

150 
And ssHumber of hours for which B travels. 

150 _ J 

^M=37 -^ ^- • ^ 

But ^ is & hour* 20 minutes (8f hours) sooner at his 
journey'tf end than B\ 



Hence -— ^+8J=— -, 






- ISO , 25 160 

By reduction, jc*+3x==54. - 

p Complete 



Comptetft the square, x'+3x+2=54+|j=-^ (Rujlb L) ; 



, 3 /225 15 



and x=' / =6 miles an hour for B 

. :• "2 V • 

x+3=s9 for A. 

OUBSTION 6. 

Some bees Md alighted upon a tree; at One flight the square 
n>otofhtdf of them went away; at'anotherfthsof thetn; twQ 
bees then remained. . Howmaiiy.iilighted on the tree?^^ 
Let 2 x* = the N^ of bees ; 

thena:+-!^ + 2=2x% 

or9i:+16x'+18=lflx'; 

^:. 18x'-16a:^-9x=18, 

or2a:'-9a:=18. 

(RULBIL) Multiply by 8, 

. 16x'-72j?=144. 

Add81; then 16a;V72x+8l =225, 

or4x-^9=I5; 

.*. 4x=15+9=24, 

24 
andx* ^=6; .•.2«*a=72N*of bees. 
4 

Qjj. 7« iTo divide the number 33 into two such parts^ that 
tl^r product shall be 162. . . ' . 

Answjm, 27 an^ 6. ; 

Qu. 8. 



O This qoM^um is taken from Mr. Sttiachet's TramsUtioxi of the i^« 
Giuuiai and the seyersl steps of the operation 'will, upon comparison^ be 
foand to accord with th€ Hindoo method of solution, a» it stands in that 
TraaslatloBi f^hge es. 



Qi}. S. Mfhafc two nuiiiben «re t)ioie whose mii^vs 28, and 
product 100^ AN8WE11, 25 and 4. 

Qg. 9. Jhe difference of two numbers h 5, and Jth part 
^of their product is 26. AVhat are the numbers ? 

Answ. 13 and 8. 

Qu. 10. The difference of two tiumbers is 6 ; and if 47 he 
added to iwice ihs iqwaar^ qf the fesseVf it will he eqnal tQ the^ 
square tf the greater. What are the numbers ? « 

Answ. 17 and 11. 

Qt/. 1 U There are two numbers whose sum is 80^ ^nd ^ 
of their product p2iC5 18 is equal to the square of the les^ 
number. What are the numbers ? ' ' . 

Answ, 21 andD* 

Qu. 12. There are two numbers whose product is 12Q. If 
2 be added to the lesser, and 3 subtracted from the greater, the 
product of the sum and remainder will also be 120. What art 
the numbers ? Answ. 15 and 6. 

Qc;. 13. A and JP^ distribute 1200Z. each among a certain 
number of persons : A relieves 40 persons more than J3, and 
B gives 5/. apiece to each person more than A. How many 
persons were relieved by A and JB respectivdy ? 

Aksw. 120by^, 89byA 

Qcr. 14* A person bought a certain number of sheep for 
I2fll& If there had been 8 more, each sheep would have eo»t ^ 
trim 10 shillings less. How many «heep were there ? 

Answ. 40, 

Q(7. 15. A person bought a certain number of sheep for 57/. 
Having lost S of them, aiid sdd the remainder at 8 shillings 
a head profit, he is no loser by the bargain, flow mtny sheep • 
did he buy? Answ. 38, 

Qu. 16. 
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Qu. 16. A and J5 set off at the same time to a place at 

the distance of 300 miles. A travels at the rate of one mile 

an hour faster than B^ and arrives at his journey's end 10 hours 

before him. At what rate did 6ach person travel per hibwr? 

Answ. a travelled 6 miles per hour. 

B 5 ...... . 

XXIIL 

On Quadratic Etpiations having Impossible Rootsi 
85. In the solution of the adfected quadratic equation^ 
x'+p«-=9 (Art. 81.) the two values of x were shewn to be 

equal to 3 '^ \ ^*T^ , If g be a negative quantity, and p* 

less than 4qy then the quanti.typ**-49 is negative, and con- 
sequently the quantity ± Vp'— 4gcome8 under the description 
of M)e, radical quantities mentioned in. Art. 58. In thi» case, 
the two roots, or values of x, are said to be impossible. 

Ex, I. 
Let«*+8j:+3I-0,orx*+8x=-Sl^ 
Complete the square, (Rulb I.) 

thenj?*+8a?+16=:~3l + 16=-i5, 

anda?+4=s±V — J5, 
^ or a?ss— 4±v^— 16. 

Ex.?. 
Let ic*- ]i2a?+50::5:0, or x'- 12a?=-50. 
/llomplete th^ square,, (RuLfi I.) 

x'-12x+36=-50+36=~|4, 
and X— 6=s±V— 14; 



•\X=6±'/-:J14. 

Bx.3. 

To find the number IB into two such parts, that their 
product shall be equal to 70. 

Let 
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Letxsonepart^ 
thett re— ac;sstbe other part. 
Hence x(l6r-x) or 16x— Jt*=s70. • 

Transpose^ and x^— 16 x^ts— 70. 
Compile the square, 

X*- 16 j?+64= -70+64= r.6, 

.-•x-Ssi'/'^, orx=:8±V^H5^^^, 

Ex. 4. 2x'+15=8x ..... ^^ 3±V-^11I 

4 

Ex. 5. 3x-ix*=10 ..... x=6±'/-4. 

Ex. 6. To divide the number 20 into two such par(s^ that 
their prodact^hall be 105 .... xsslOiVTsl 

XXIV. 

p;i <Ae Solution of Quadratic Equations of the form 
x^^+psf:sq. 

86. Let y =x*, then (by Cask HI. Art. 67.) j^*=i*" ; and 
substituting these values for x*« and x" in the equation 
j^+px^=s9,it is transformed into y'+py^q, wherethevahc 
of y may be determined by^ the foregoing Rules. Having the . 
' value ofy, the value of X may be found; ft)rx*=y, .••xsv'y.* 
We are thus enabled to solve equations in which the unknown 
quai^tity is found only in two terms, (and where the index of the 
highest power is double the index of the lowest)^ like common 
quadraUcs. 

Ex. h 



O it It very weU known that the greateti product which can^arise from 
the multiplication of the two part« into which any given number may be 
divided, is when these two piuts are equal: the greatest product therefore^ 
which could arise from the division of the number 16 into two parts, is 
when each of tliem is 8} hence, in requiring '* to divide the number IS 
into two such parts that their i^roduct should be 70>*' the solution of the 
question is impoinble. 
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I 

Ex. \. 

thenx*=i/* J ^ ^ . 

By Rule I. y'-6y+9=5?7+9=36, 

and y- 3=4/36=6, * • 

ory±s6+3r=9* 
Bui since. x*=ry, x==>/y, .;. a:=\/9=3. 

L€t'xV2a:'==48. 
These equations are often solved by the common Rules, witb^ 
out the fortnality of substitution ; thus, 

Complete the square, (Ritlb L) a?*— 2a;'+ 1 3^484.1=249. . 
Extract the roots 0^— 1 =:>/49=7> 
' \ .\ x^=7 + l=8 

. . . • ^ . ,j:»v^8:j=2. 

Ejt. 3. 

Let2a?-7'/xi=99. 

•then'j,«^x)---2y'-7y=99. 

ByRuLBiL 162^*-56y+49it=792+49tt841, 
and4y-7:?=V84laB29, 

or4y«294-7=36, andy=9; 
.-. a:=^y'=8l. 

'Ex.4. 
- To resolve the number a into two such factors, that the sum 
of their nth powers shall be eqiial to b. 

Let a:=one factor (a)* 



then "^ =:the other factor^ 

X 



Hoee 



(*) By factcrs ufe here meant the two Bumbers -whkk htimg mml- 
iiplied together shall genicrate the given number; if thereliHre #sSotie 

factor, -^ must be the other factor. forxX-::ra« 
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or ar"+a* ssijc"; 
By IVoLB JI. 



tad 2af -4»%^i*-4ii% 

Of 3x«=i+ vT=Th?, and ar'=si±^^El^. 

Ex.5, a;^ 4-4x^12 . . • ^ . i. •.. j»V2^ 

Ex.6. x*-aaf=5l3 . ; x«3, 

Ex.7. 2r*-a;'=496 x=4. 

Ex. 8. To resolve the number 18 into two audi fMtort, that 
the sum of their cubes shall be 243 (See Ex. 4.) 

XXV. 

On the Solution of Quadratic Equations containing 
Two unknown Quantities,^ 

The flolution of equations with two unknown quantities, in 
which one or both these quantities are found in a quadratic form, 
can only, in particular cases^^^ be effected by means of the 

preceding 



(^) The most complete form iinder which quadratic equations containiDg 
two unknown quantities could be expressed, is this, 
a jr * 'l t yM^c ary+rf ar+c y =m 
ax^'i'h'jfi -ircxy^r d^x-^ey = m i but the general so- 
lution of these equations can only be affected by means of equations of 
higpher' dimensions than quadratics. 



112 QUADRATIC. BaOATIONS. 

preceding Rules* Of these cases the two following are very 
.well known. 

Cash I. 

87* ^^ When one of the equations by which the values of 
'^ the unknown quantities are to bcf determined^ b a simple 
^^ equation ; '' in which case, the Rule is, ^' to find 4 value of one 
^^ of the unknown quantities from that simple equation^ and 
^^ then substitute for it the value so found, in the other equa- 
^^ tion; the resulting equation will be a quadratic, which may 
^ be solved by the ordinary Rules/' * Thus, 

Let ax+byss.c l be the twoequations, in which the values- 
(tx*+l'xy + cy^sstdi of x and y are to be determined^ 

From the 1st equation «= — -S« 

Substitute this^ ^ . . ^ i «k 

for* in thet then «'(-^) +*'(£2^) +*'»'=(?, 
2d equation,) 

which reduced is (a'i-ii'+ac')3f'+(i'c-2a'6c)y=ad!~aV', 

a. common quadratic equation, from which the value of y may 

be found. 

Ex. 1. 

Leta:+2y=7, | tofindthe values of « and w. 
andx*+8xy-y'=23j * 

From Ist equation, «=7—2y, A ar*=49—28y+4y'j 
Substitute these values for x and x* in the 2d equation, 
then 49-28y+4y*+21y-6y'-y'=23, 

or 3 j/*+ 7 y=49- 23=26. 
By RULB II. d6y'+84y+49=312+49=361, 
.-. 6y+7=I9 

6y=19-7=12,ory=s3 
xs=7-2y=»7-4=3. 

Zk. 2. 
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Ex. 2. 

Let?£±H=, 9l 

3 V to find the values of x and y. . . 

and3a?y=2loJ 

From let equation^ 2a:+y=27 ; 

/.. 2x=27-y, 

andj:=: — ^. 

HeAce, 3a;y=3 k ?^xy=2l0, 

or 3 X '(27 -y) X y =420 
8Iy-3j''=420 
27 y- y'=l40j 
or a* -27 y=- 140. 
By RuiB ll,4y*- 10^y+729=729-560= 169 ; 

.-. 2y-27=13,orj,=^±i?=20; 

, 27-20 „, 
and x=t — T — =04. 

Ex. 3. 

There is a certain number consisting of two digits. The left- 
hand digit is equal to 3 times the right-hand digit; and if 12 
be subtracted from the number itself^ the remainder will be 
equal to the square of the left-hand digit. What is the 
number ? - 

Let X be the left-hand digit, \ then, by Artl 63, lOx+y is the 
and y the other; '_ J number. 

Hence, x=3i/\ . ^1 
andl0x+y-l2=//,''y*^^^''^*'°"V 

*'8tiLtil"|^^»+2/-12=9y% (for 10x=30y,Md «•=%•); 

9y'-3Vy=-i2; 
, 31' 12 

o. By 
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By Ruu. I, y«-«ly+g6i,961 ^12^ 961 -432 529 
' *^ gy-r 224-324 9 324 =324- 

„ 31 23 54 „ 

x=3y=9; 
and consequently the number is 93. 

Ex.4. Let2x-3j/=l 1 to find the values of a: and y. 

^Answer, i:=5, y=3. 

Ex. 5. There are two numbers^ such, that if the lesser be 
taken from three times the greater, the remainder will be 35 ; 
and if four times the greater be divided by three times the lesser 
plus one, the quotient will be equal to the lesser number. 
What are the numbers? Answ. 13 and 4. 

Ex. 6, What number is that, the sum of whose digits is 15, 
and if 31 be added to their product ^ the digits will be inverted? 

Answ. 78. 

OasB II. 
88. Whenx*,y*, orxy,i8foundin every term of the two equa- 
tions, they assume the form of 

ax*-{-bxy + cy*=d, 

dx*+lfxy+cY=d^ i and their solution 
may be effected in the following manner. 

Assume' xssvy, then x*=sv*y*; substitute these radues for 
X* and X in both equations, then we have 

av'y'+blvy'+cy^^d, or y'=__^ (^ ' 



Hence 



av* + bv^c^dv*+b'v+(f 
or {dd'^adf)v^+ {b'd'^bd)vssccf'^cd; which is a quadratic 
equation^ from whence the valueof tf may DCdeteiimined. Having 

the 
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the value of v, the vahie oft/ may be found from either of the 
equations (A) or (B); and then the value o{ x, front the equa- 
tion xsvy. 

Ex.1. 
Let2x*+3xy+y's=:'20 
5x"+4y*= 41; 

20 

Assume x=:t;y, then 2i;y +3i;j/'+y*=:20, or I/*=2t?+37+T' 

and 5t;Y+4y*=41, ory'^^^js-^^ ; 
w 20 41 

which reduced b, Gv'— 4 1 »= — 13 j 
. , 4\v 13 

••"-- r=-¥- 

n n„,-i • 41»^1681 1369 

' 41 ±37 41±37 18 1 

, , 1 .u . 41 41 369 o 9 

Let «=g, theny =^-^^=^^=--=9, ory=3, 

9 

ac=i;y=|.x3 = l. 

Ex. 2. 

What two numbers are those^ whose sum multiplied by the 
greater is 77 ? and whose, difference multiplied by the, lesser 
is equal to 12? . * 

Let x=igreater number^ 
y= lesser. 
. Then (x-^y) x a:=a;' 4-asy=77, 
and (x-y) x y=:xy -y*= 1 2. 
Assume x=t;y; 

_ 77 
Theni 

and 1 

ory -. 

. Hence, 



77 
r.dt;yVy«=12/ ., . J2_ 
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„ 12 77 

Hence, — : — ; = . ; » 

or 12i;''+12i;=77f-7^; 

.... ,65 77 
which gives v —j2^= ~j2 

, , 65» , 4225 529. 
•'"'^"-T2^+-576=576'. ' 

5±2 
24 

. Eithfir value of v will answer the conditions of the question ; 

' , 7 . . 12 12 48 48 ,_ , 

but take v=p then y = -_^=_=^3^=-=16, 

and J/ =4^ 

7 
a:=i;y=Lx4=7. 

Hence, the numbers^ are 4 and 7- 

Ex.3, Find two nunabers, such, that the square of*the 
greBter' minus the square of the less may be 56 ; and the 
•square of the lesser plus >^d their product may be 40. 

Answer, 9 and 5. 

Ex. 4. There are two numbers, such, that 3 times the 

• . f . 

' square of the greater pltis twice the square' of the less Is 1 10; 
and half their' product plus tl^e square of the lesser is 4* What 
are the numbers ^*^? Answ. 6 and 1. 

XXVf. 

On the Solution (^certain Eqy.ations, in which the Two 
unknown Quantities {pcq;ndy) are similarly involved. 

89. Let X and y be any two numbers, of wliich x is the 
greater, and y the lesser; let X'^y^2s,x—y=:2z; then, by 
Art.28, x=:s-\'Z, andy=5— «• Nowletj?'*+i/'*=a, x'+y'rri, 
x*4-y*=c, and x*+y=:d ; then the values of x and y may be 

found 

(n) )Por a ^eat variety df questions relating to quadratic^equations which 
contain two unknown quantities, see Bland^s Algebraical ProbUms, 1812. 



f>uDd in t^npa.of the kuown quantities s^ a^ .p^Cy dy\j^ th^ffol- 
lowing manner. 

.'. .by addition, 

x'+y\a)^2s'+2z\ and ;e'=?"^<or ;c=^«E^\ 

^ Hence «==5+y/^^^?. and jrizi-i/lEii*. 

— -i ^ ■■ r -f . -, . 

.-. a?-¥if'(b)^2^ + Qsz^; and ;k'=^:=^, or z=. A=^^ 

Hence «=^+4/ ^T^, and ys=5^4 /*zi^ 
^ 6* V (jf • 

III. x*={s+zY=s*+A^z + Qs'z''+Asx'+z\ 
y*=is-zy=s\-4fz+Qs'z'-Asz''-^.z* ; 
/.a;«+y«(c)=i2s«+12iV+2x« is a quddrat'ic equation from 
; ■ wjijch t?i^ Vftltre of g m ay be found. 

.•.«'+S/»(d)=2/+20i';c'+1052;« is a quadratic equation 
. f""®™ wliich the value of z, may^be fpund<^>. 

' 90. Let 



( ) In reviewing these operations, it may be observed, that those term, 
where Ute index otzh&nodd number destroy each other in the successive 
series ; hence if the operations had ^en sontinu«d to y+y*.and :f>+yt 
the resulting equitfous would/have bfcei equations of six dimension* io a 
mUe form; if they had.been carried op to ^+i»» wd *«+yP. the rasultine 
equations would have been e*|iiatfons of e^Ardimenslons in a biq^^Oc 
(fffp. H,i,« UjeftoWe* <K *•' Ciw, «be sum of twb numbers, and the 

sumofi|h,eir^th,po„i«,.,toi^,tfep,w,fthfirrt,11»o>selw'^ lUfybesolred ' 
as far as the 9th po#er, by means either of jwaA-^fc, «,jfc, or Hguairatie 
equations. 
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90; Let^x+y^2s and a:— j/=2« as before, aiid let 

f?+X=a^ €+l'^b'; ^V^'=c; and ^V^.^^d'; then, by 
y X y. X y X - y of 

means of the equations in the preceding article (89), the 
values of x and y may be found in terms of the known quan- 
tities,^, a, b'y dy d!. 

y X '..-.'' 

Butby Case I.X89).j;'+y'=2/+2«' 5 
Hence aV-aV=2/+2«% 



II. ^+»=s6', .•.a^+y»=i>y=:6'(/-»').' 
ByCASBlI. (89).a!'+y»'=2«»+6j«*} 

i+65' V 1)^-6$ 



■ «— v/^T^.-'-V^'"- 



III. -+2'=c',.-.x*+y=c'««=c'(i*-«'). 
■ y X 

By Casb Iir. (89). x*+t/*=2s*+ I2fz*+2x*; 
dratic equation^ by which the. value of « may be found. 

IV. 
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y ^ , 
ByCxsBlV.(89).afi+if':c:^2£+20fz'+lOsz'; and by 
equating these two' values of x^+y^ there arises a quadratic 
equation by which the valye of z may be determined. 

9 1 . Let x+y:=siS, and xy =p ; then the sums of the several 
powers of x and y may be found in terms of the known quan- 
tities p and i, in the following manner, 

I. x*+2xy+y^^s*; 

' \ ' I ■ ■ ■ ' - .1.1 ■ IIM . I a ,1 • 

II. (^•+y')(x+y) = (5'-.2p)i, 
or a?+y^+xy{x+y)=s^'-2ps, 
i.e. a^+y^+ps^^'-2p$; 
.•. a;' + y'=5'— 3p*. 

III. (x'+2/') (jc+y) == {s^-3ps)sy 
orx*+y*+xj/(x*+j/")=5*~3p^% 
i.e. x*+y*+p(5''-2j&)=5*-3p/; 

••. x*+y*=^*-4pj*+2p\' 

- — ■ ' " I . . .11 , .. , II . i ,n ■ ,1 I,. , 

IV. (x*+y*)(x+y)=:(5*-.4p5'+2p>, 
'orx*+y*+xy(x'+jf')=5*-4p5'+2p% 
i.e. x*+y*+p(s*-3p5)=A*— 4pVH-2p'5; 
.•, x*+y*=:^— Spi'+SpV. 



&c. 



or in general x"+y*=s4*— wps^+w'' — 7^'^"^ 

Ex. 1. 

The sum of two numbers is 6^ and the sum of their fiftti 
powers is 1056 ; What are the numbers ? 

This Example belongs to Case IV. Art. 89, where «=3,and 

d=1056. 

The 
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The equation to findthe value of z is 
255+205V+105«*=d, 
oi<486+a40«'+30»^=l056-; 
Divkife by 6,«I+94«'+5A:*=176r 

BjritTJJLEl. «*+18»*+8t = 10O, 

or%'4-9==H0; .-. ;5*=l,andit=l. 
Uinct x=s+«=r3 + 1 =4,, 

Ex, 2/ 

There are 4;wo numbers whose sum is 1 8^ and the square of the 
greater divided by the lesser j&Zmj the square of the lesser divided 
by the greater is 27; What are the numbers? 

In Case II. (90). ^=9y and 6'=: 27; hence z^ 

5+«=9 + 'i = 12, andy=5-*-«:ss9-^«3=6y andthetwbnuta*- 
bers are 1 2 and 6. 

Ex. 3, 

The sum of two nmnbery-is 5 (^)/^nd their product 6 (p); 
What is the sum of their'4th powers ? 

By Case III. (Art. 91); a?*+j/*=V-4p?+2p*=625-eOO" 
+72=25+72=97. 
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ON RATIOS, PROPORTION, AND VARIABLE . 
QUANTITIES. 



XXVII. 

Defifiitions. 

92. By Ratio is meant the reUtion which one quantity 
bears to another, with respect to magnitude. It is evidept 
that this relation can exist only between quantities of a similar 
kind 5 thus, a number must be compared with a number ; a line 
with a line;'&c. &c. ; and it would be absurd to compare 
,a, certain number offoet with a certain number of pounds ; 

&c. &c. 

93. There are two ways in which the magnitude of quantities 
may be compared. In the first place, they may^be compared 
with regard to their difference^ and then the question 
asked, is, ^' How much one quantity is greater or less than 
another.'' The relation which quantities bear to each other 
in this respect, is called their Arithmetical ratio. The other 
way in which they may be compared, is, by inquiring " How 
often one quantity is contained in the other .^' This relation 
between quantities is called their Geometrical Ratio. The term 
ra/to, when simply applied, is 'generally understood in the latter 
sense ; and it is in this sense that the word will be made u^ of 
in the present Chapter. 

94^ In considering how often one quantity is contained In 
another,' the natural process is to divide the one by the other. 
Thus, in comparing the number 12 with tl\e numbers 4 and 3, 

R we 
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we know that 4 is contained in 12 three timies, and that 3 b 
contained in the same number/bz/r times ; from which we infer 
the ratio of 12 : 3^*^ is greater than the ratio of 12 to 4, the 
Tnagnitude of a ratio hemg measured by the number of times 
one quantity is contained in another. For the same reason^ 
the ratio of 11 : 7 is said to be less than the ratio of 11 : 5. 
When a ratio is thus expressed^ th6 first term of it is called 
the antecedent J the Ia§t term the cOTisequent, of that ratio. 

95. From this mode of estimating the magnitude of a ratio^ 
it appears that when the consequent of a ratio is not an 
aliquot part of the antecedent, the value of the ratio must be 
expressed by & fraction, whose ^WTwera/or is the antecedent, and 
denominator the consequent of that ratio. Thus the magnitude 

15 

of the ratio of 15 : 7 is expressed by the fraction-;^9and of the 

4 
ratio 4: 13 by the fraction -— . When the antecedent of a 

^ Id . 

ratio is greater than the consequent, it is called a ratio o{ greater 
inequality ; when the antecedent is less than the consequent, 
a rJEitio of lesser ineqiudity ; and if the two terms of a ratio be 
the^ame, then it is said to be a ratio ot equality. 

96. The foregoing definitions evidently apply to those 
instances only, in which the consequent of a ratio is contained 
a certain number of times in the antecedent, or in which the 
magnitude of the ratio may be expressed by some definite 
fraction. It does not therefore comprehend such ratios as 

a/2 : 5 ; ^3 : a^7; 4: V ^^ i ^* ^^' 9 where the values 
of the quantities V'2, v^3, /^ 7 &c. can only be expressed in 
decimal fractions which do not terminate. The ratio which 
exi^ between quantities of this latter kind, when the rudical 

quantity 



(*) In expressing the ratiQ of two quantities, the word '^ to*' is generally 
supplied bj two dots i thus, the ratio of ** a to 6" is expressed by** a: b.'* 
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quantity is expressed by a decimal fraction^ is called thiSir 
approximate ratio. 

97- Proportion consists in the equality (^ ratios ; thus^ since 
4 is contained in 12, the same number of times that. 6 is in 18^ 
the ratio of 12 : 4 is said to be equal to the ratio of 18 : 6> or^ 
in other words, that 12 : 4 : : 18 : 6.^^ Of the four terms of 
which every proportion consists^ the first and last terms are 
called the extremes, and the second and third iht7neam of that 
proportion. 

98. If there be a set of quantities related together in the 
following manner, viz. a : i ; : J : c : : c : d : : d : e, &c. where 
the consequent of every preceding ratio is the antecedent of the 
following one^ then the qufintities a, I, c, d^ e, &c. are said to 
be in continued proportion ; and if only three quantities be 
concerned, as in the proportion a \ h \i h \ Cy then h is said to 
be a mean proportional between the 'two extremes a and c. 

99. Since the proportion ailiicid expresses the equality 
of the ratios a : h and c i d; and since the magnitude of the 

ratio a ilvA measured by the fraction*-., and that of the ratio 

c : 4 by the fraction --, it follows that*-. = -, or, "that when 
d b d 

'* four quantities are proportional, the quotient of the first 

^^ divided by the second, is equal to the quotient of the third 

'* divided by the fourth ;" and vice versa, if ^* there be four 

^' quantities (7> b, c, d, such, that^ = -j, then those four quan- 
ta d 

^f tities are proportionail, or a : J : : c : d.^' 

XXVIII. 



^^^ In st|itiDg a proportion, the words '*w/o" and " to "* ire gcneraUy 
supplied by two dots, and the words *' so is " by four dots ; thus, the pro- 
{>«rtioii *• « is to 6 so is c to d,** is expressed by " a : 6 : : c : rf." 
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XXVIII. 

On the Comparison and Composition of Ratios. 
100. On the comparison of Ratios, 

I, Since the ratio of a : I may be expressed by the fraction 

yt let the numerator and denominator of this fraction be 

multiplied by any quantity m (m beipg either integral or fr'ac- 

tumal)yihtik ^=!?, and .*. the ratio of ma : m£ is the same 
ml b , . 

with the ratio ofaib; from which we infer^ that ^' if the terms 

^^ of a ratio be multiplied or divided by the same quantity^ it 

^^ does not alter the value of the ratio/' From hence also it 

appears^ that a ratio is reduced to its lowest terms by dividing 

its antecedent and consequent by their greatest common measure. 

II. ** Ratios Are compared together by reducing the frac- 
^^ tions by which their values are respectively represented^ to a 
'^^ common denominator.'' Thus, the ratio of 8 : 5 is repre- 

sented by the fraction -•, and the ratio of 9 : 6 by the fraction - ; 
5 o 

reduce these fractions to others of the same value having a 

common denominator, and they become — and — respectively ; 

48 45 

and since — is greater than _, the natio 8 : 5 is greater than 

the ratio of 9 : 6. 



III. '^ A ratio of greater inequality is diminished^ and a ratio 
*^ of lesser inequality is increased, by adding the same quantity 
^^ to both its terms.*' Let a-hb :a represent a ratio of greater 
inequality, and let >x be added to each of its terms, and it 
becomes the ratio .of a+b'\-x : a-f ^- Now the ratio of 

a + i:a=?LL*, and that of a+b+x : a+x=?±^±^,- let 
a a + ^ 

these fractions be reduced to others of the same value having 

a common 
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a common denominator, and they become ^ +^ . T^^T ^ 

^ a{a'\'X) 

and fLLJ?Ljr-_£ respectively ; and since a*+ai + aa;4-ia? is 
a^a-^-x) 

evidently greater than a*4-aJ+ax, the ratio of a,+ J : a is' 

greater than the ratio of a + ^+x : a+^; i>e. the ratio of 

a-^b t a has been diminished by adding x to each of its terms. 

Next, let a— Z' : a represent a ratio of lesser inequality} then 

proceeding' with the fractions ^— ! and ^"" "^^ .^ as in the 

a a+x 

former instance, the resulting fractions are ^ - ""^ +flJg— J? 

and ; — -t__?' and since a*—ah + ax—bx is less than 

a^—ab-i-ax, the ratio of a— i la is less than the ratio of 
a^b+x la+x, and consequently the ratio of a— 2^ : a has been 
increased by adding x to each of its terms. In the same manner 
it might be shewn that " a ratio of greater inequality is m- 
^^ creased, and a ratio of lesser inequality is diminished^ by 
'^ subtracting the same quantity from each ofJts terms.'' 

101. On the composition of Ratios, 

I. Ratios are compounded together by multiplying their an^- 
tecedents together for a new antecedent, and their consequents 
together for a neu/ consequent. Thus, if the ratio of a : 2^ be 
compounded with the ratio of c : ^,'the resulting ratio is that 
o{ ac I bd', or if the ratios 4:3; 5:2; and 7 : I^ be com- 
pounded together, there results the ratio of 4x5x7:3x2x1, 
or of 140 : 6, or (dividing each term by 2) of 70 .: 3. 

ti. If the same ratio be compounded with itself once, twice, 
thrice, &c. the resulting ratios are those oi a*i b* ; c? iV ', 
a* : J*, &c. &c. The ratio of a' ; V is called the duplicate 
ratio of a : i ; a' : i' the triplicate ; a*:b* the quadruplicate; 
&e. &c. ; and as these ratios receive their denominations from 

the 
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the indices of the several powers of a and b, the ratio of 
Va : ^b is called the subduplicate ratio tX qibi the ratio 
'ot j^a :^b, the subtriplicate ; &c. &c. 

III. ^' If a set of ratios^ whereof the consequent of the pre- 
^^ ceding ratio is the same with the antecedent of the succeeding 
^^ one, be cothpounded together, the resulting ratio is that of 
*' ihe first antecedent to the last consequent J* Thus, when the 
ratios o(aib\ h : c ; c : d; d : e\ &c. are compounded to- 
gether, the resulting ratio is that of abed &c. ; bcde &c. or 
(dividing by bed) that o{ ax e or of the first antecedent : the 
last consequent. 

IV. '^ A ratio of greater inequality compounded with another 
*^ ratio, increases it ; and a ratio of lesser ineqtuility com- 
^^ pounded with another ratip, diminishes \t.'* Thus, let 
1 -f n : 1 represent a ratio of greater inequality, and let it be 
compounded with the r$itio a : b, the resulting ratio is. that of 
a-^naib^t which is evidently greater than the ratio of a : 2^; 
on the other hand, let 1 — n : 1 represent a ratio of lesser in^ 
equality, and let it be compounded with the ratio of a : £, then 
the resulting ratio is that of a--na : b, which is evidently 
U$s than the ratio of a : 2^* 

Examples. 
Ex. 1. Rfsduee tb^ ratio of 360 : 315, and 1595 : 667> to 
their lowest terms. 

Ex. 2. Reduce the ratio of {^+2a*x : a* to its lowest terms. 

Ex. 3, Which is the greqtesty the ratio of 16 : 15, or that of 
17:14? 

Ex. 4. Which is the least of the three ratios, 20 : 17, 
22 : 18, or 25 : 23 ? and which is the greatest of the three 
ratios 8 : 7 ; .6 : 5 ; and 10 : 9 ? 

Ex. 5. Which is the greatest, the ratio of a+2 : la+4, or 
thatof a4 4 :ia+5? 

Answer, The ratio of a+4 : ia+5. 
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, Ex, 6. Compound together the ratios of 1 1 : 3, 7 s ?> and 
5 : 9. Ansvvbr^ 385 : 54. 

Ex. 7. Compound together the ratios of 15 : 12^ 6 : 7^ and 
9:4; and then reduce the resulting ratio to its lowest terms. 

• Answ. 135 : 56. 

' Ex. 8. Express in the simplest terms the ratio compdnnded 
of a^—x* : a% a+x : b, and b : a^x. 

Answ. (a+x)* : a*. 

Ex. 9l If the ratios of x+y : <r, x— y : b^ and b : ."V^ 

be compounded toge|lier, shew that the resulting ratio is a ratio 
of equality. 

Ex. 10. If the ratios of 3a+2 : 6a+l^ and of 2a+3 
,: a+2^ be compounded, together, is the resulting ratio a ratio 
of greater or lesser inequality ? 

Answ. A ratio of greater inequcdity. 

Ex. 1 1 . What are the least numbers in the ratio compounded 
of the three following ratios, viz. the ratio of 7 i 5, the duplicate 
ratio of 4 : 9, and the triplicate ratio of 3 : 2 ? 

Answ. 14 and 15. 

Ex. 12. Compound the subduplicate ratio of x* : y% with 
the quadruplicate ratio of ^x : j^y. 

Answ. x* : y'. 

XXTX. 

On Proportion. 

102. The most useful Theorems relating to propoitional 
quantities are the following. 

Ti^. 1. ^' If four quantities be proportional, the product of 
" the extremes will be equal to the product of the means /' for 

let 
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let a : b :: c I d, then^ by Art. 99,?=^ /. ad=zlc. 

From hence also it follows, ^^ that if any three terms of a pro- 
portion be known, thfe fourth may be, found 5" for, from the 

equation ad^lc. we havca^-7 ; i= — ; cs= ~; and 
t d c ' b 

a' 

Th. 2. The converse of the foregoing Theorem is also true ; 
viz. " If the product of any two quantities be equal to the 
^^ product of two others, those four quantities will constitute 
^^ a proportion, provided that the terms of one product be made 
'* the means, and the terms of the other product be made thie 
^^ extremes, of such proportion/' Thus, if the four quantities 
a', i', (/, d' be such that ad'=b' c'- then (dividing by V df) 

-j'=^, ; /. by Art. 99, a! : t' :: c' : d\ 

Th. 3. ^' If three quantities be proportional, the product of 
^^ the two extremes is equal to the square of the mean 5'' for, if 
aib \ lb I Cy then, by Theor. 2, ac=b*. Fromheiice also it 
follows, that ^^ a mean proportional between any two quantities 
is equal to the square root of their product ;'' for let x be 
a mean proportional between a and c, then a : x :: x : c, 
.\x^^ac, and x=Vac. 

Th. 4. ^^ If four quantities be proportional, they will also be 
proportional, when taken inversely or cdtemately f^ thus, if 

a\b w c X d, then 7=^; invert the fractions, then -=-• 
b a a c 

.\ b : a : d : c. Again, since ad^^bc, then (dividing by cd) 

we have ?_:*— ^ or -»:- *, .\ai c ib i d, and b \ d \i ai c. 
cd cd: c d 

Th. 5. " If there be six proportional quantities, and the 
^ first be to the siecond as the third to the fourth ; and the third 
^^ to. the fourth as the fifth to the sixth ; then will the first 

"be 
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'^ be to the second as the fifth to the sixth/' FQrleta:&::c:i^ 

and c:d:: e :f; then 7 = 3; and -i^-%; •••7=7^ or by 

a "'J "J 

Alt. SBydib:: e if. 

Th. 6. ^^ If four quantities be proportional, then the sum 
*' or difference of the first and second will be to the second 
/' as the mm or difference of the third and fourth is to the 

" fourth." For leta: t :: c : d, then 7 = t; add or subtract 

a 

I frouveach side of the equation; then 7±l = ^+h .'. ^^^-' 

b a b 

=—-7-, consequently, by Art. 99, a±,b \ b i\ c±,d \ d. 

Th. 7. 'Mf four quantities be proportional, ih^ first is* to 
^ the sum or difference of the first and second, as the third to 
^ the ittm or dfferen<ie of the third and fourth." For by 
Th£or. 6. a±i : 6 : :^±d : d, and alternately a±6 : c±i 
: : i : ef; but by Theor. 4, 6 :<;(:: a : c; hence, by THEoH.Sy 
a±6 : c± d : : fl : c, and alternately a±,b : a :: c±€l : c, 
.'. inversely a : a±i : : c : c±c?- 

Th. 8. ^^ If four quantities be proportional, then the^^m 
^' of the first and second is to their difference^ as the sum of 
^^ the . third and fourth is to their difference." For by 

Theor. 6, ^!i-L- =^^-^5 and -^=— — -; mi;er^ the two last 
V d b d 

r *• .!_ * d , a+b b c+d^^ d ^ 

fractions, then r= r; hence —f- x r=— ?r-X j 

a—b c^d b a—b d c—d, 

or ?il-=^i--; .\hy An. 99, a-^b la—b :: c+d:c—d. 
a—'b c—d 

Th. 9. '^ If four quantities be proportional, and any eqtU'- 
^^ multiple or equal parts whatever be taken of the first and 
'^ second, and also of the third and fourth 3 then will the 
^^ resulting quantities, taken in the same order, be still prop^- 
*« tional." For let a : i :: c : i; then, by Case I, Art.lOO, 

s the 
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the ratio otma: mbls the same with the ratio of a : ft; and 
for the same reason^ the ratio of nc : nd is the same with the 
ratio of c : rf; hence (Art. 97) ma : mb i: nc : ndy where m 
and n may be any quantities whatever, either integral or Jrae^ 
tionaL 

Th; 10. The same theorem is true ^^ if any equimultiple ox 

*^ equal parts whatever be taken of the^r5^ and third, and also 

a c 
^* of the second and fourth'y'* for since j^^j multiply -each 

side of the equation by — , then —5= — -,, .*. ma : nb 
^ n nb nd' 

: 2 mc : n'd^ where m and n may be any quantities whatever^ 

either integral ovfractionaL 

Th. 1 1,. ^ If four quantities be proportional, any powers or 
fdots of those quantities will also be proportional.^' For since 

T= ^, we have r«=^„, /. a"" : L^ : (f" : t?% where n may' be 

any number either integral or JractionaL 

,Th. 12. ^^ If the corresponding terms of two sets .of pro* 
^^portionals be multiplied together, or divided by each other, the 
^^ resulting quantities taken in order will still be proportional." 
Thus let 

a:A::c: dl then 1=^1 

and r ^> hence -5-7;= -t^ ov ae i bf :: ce : dh. 

Again, by Th. I; fld=ic,'and cA==/g; .•. -T=7r-;hencc> 
byTH.2,2:5„ : £ : f . ... 

Th. 13. ** If there be two rows of proportional quantities, 
** whereof the second and fourth of the first row are the same 

"with 
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** with the Jirst and third of the second row^ then will the 
^^ remaining quantities^ taken in order^ be proportional )" 
tfaus^ let a : 1 11 c : d 

' and I :e :i d if, then by Theor. 12, ab : be :: cd : df^ 
or (reducing each ratio to its lowest terms) aie ::c :f; Tliis is 
the ex cequali proportion of Euclid. 

Th. 14. ^' If there be a set of proportional quantities^ 
*^ ai b 1} c : due :/:: gi h &c. &c., then will the Jirst be 
^^ to the second as the sum' of all the antecedents to the 5Mm o^ 
^^ aZ/ ^Ae consequents," 



For a : i 


:: c 


:d, , 


and alternately^ a : c 


:;& 


;<2. 


HencebyTHBOR.J^a : a+c 


::i 


!ft + (Z; 


/. alternately^ ail. 


:: a+c 


iA+i. 



Agaln> a : £ :ie :y*; 

•••byTHBOR,5. a-f c : J + d :: e if 

alternately 9 a + c : e . :: t + d :/, 

ByTHBOR.6. a+c+e : « :-. b+d+f:f; 

^•.altemately,a+c+eib+d+f-:e if 

But ai b i: e :/; 

^ . r. a I b ii a+c+e I b+d+/'y 



And so on for any number of these prdportions. 

* Th. 15. ^' If there be a set of quantities, a, i, c, d, ^, &c. 
in cowimi/^i proportion ; 

^* then ^ : c : : a* : i*, or in the duplicate ratio.of a : i ; 

" a : i : : a* : i', or in the triplicaie^Sitio ofaib; 

^^ a : 6 : : a^ : 2^^ or in the qtrndruplicate ratio of a : £;^' 

&c.&c,&c«&c. 

For 
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For, Art. 9S. a i b ii b : c :: c ; d i' d : 6 u Sit. &c. 
/.a lb :: b : c; 
and by Theor. 11, a* : b^ : : i' : c'. 
But by Theor. 3, b*:=:ac ; , 
/. a* : F :: ac : c', 

' :: a : c, or a : c : : a' : i*. 

Again, a ; c : : o* -: 6* 

but c : d :: a : b; 

.-. by Theor. 12, a : d : : a^ : t*. 



Moreover, g, i d i 


: a' : b\ 


but d : e ' 


: a ' b; 


by Theor. \2y a : e : 


: a' :b\ 



&c. &c. &e. &c. 

103. The following Examples are intended to illustrate the 
use of the foregoing Theorems. 

Example 1. 

To divide the number 60 into two such parts, that the product 
shall be the sum of the squares : : 2 : 5. 

Let a: = one part; 
then 60 — -arss the other part, 
(60— x) xx=i60x—x*=the product, 
and a?-^ {60-af) :=2x* +3600 -\20x=sum of the squares. 
Hence, by the question, 60x-x' : 2x*+360p- 120x : : 2 : 5; 
/. by Theor. 1, (60a:-x') x 5 = (ar'+3600- 120x) x 2^ 
or 300x-5x*=:4x'+7200-240x 5 
hy transpositiotiBnidivisimyX^'-'dOx^ —800 ; 

••. a?'-60jc+ 900=900- 800= 100, 
and J?- 30* ±10; 

orxasSa±KI=40 or 20 the 
[parts required. 
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Ex. 2. 
The number 20 is divided into two parts, which are to 
each other in the duplicate ratio of 3 : 1. Find a mean pro- 
portional between those parts. 

Let x^ greater part, 
then 20 — x=x lesser part ; 
^ .-. by the question, x : 20— x : : 3* :, T : : 9 : I. 
Hence^ by Thbor. I,x=rl80— 9x, 
or 1057=180; 
.'. x= 18 greater part, 
and 20 -xs 20 — 1 8 = 2 lesser part. 
By Theor. 3, a mean proportional between 18 and 2 is 
equal to VI8 x 2= v'36=6 the number required. 

Ex. 3. 

If(a+a:)*:(a— x)"::a?+y:j7— y,shewthata:a:::^2a-yVy. 
By eocpansion, a"+2a«+«' : a''-2ax+x^ : : x-i-y : jc-y. 
By Theor. 8, 2a'^+2x' : 4ax :: 2x: 2f. 
Divide by 2, then a'^-fx' : 2 ax :: x:y; 
.-. by Theor. 1, (a^+x') xy=^2axxx:=i2axx\ 
, Hence^ by Theor. 2, a*+x* : a;" : : 2a : y. 
ByTHEOR. 6, a* :a?' :: 2a-j/ :y. 
and by Thbor. 1 1, (n being i)a:x : : V2a-y i A/y. 

Ex.4. 
,If J5 : y in the triplicate ratio of a : 4, and a : A : : j^c+x 
: V^a+y, shew that dx=cy. 

Since x : y : : a' : b\ 
and by Theor. 1 1, a' : i^ : : c+x : d+y ; 
.'. by Theor. 5, a; : y ::c+a;:rf+y, 
orc+x:d+y:: x i y, 
and by Theor. 4. <:+ j; : x : : d+y : y ; 
/. Theor, 6, c : j? : : d : y ; 
and by Theor. 1, dx^cy. Ex* 
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There are two numbers whose p^^fM:^ is24fBndthe tUffireTice 
i^f their ciihes : cube of their difference : : 19 : 1. What are 
the iiumberg ? 

Let x^greaier number^ 
and y=ilesser number. 
Tlien, by the question^ a;y=:24, 
and Jtr^—y : (x— j/)' :: 19 : I. 
By expansion, a? —if : x^—Sx^'y +Sxy^ — y'(^ — yf ) :: 19 : K 



By Theor. 8, 3x'y— 3xy*.: {x—yY 

orSxyxl^x-y): {x-yy 

Divide by x—y, then 3a;y : {x—yY 

butxy=24 5 .•. 72 : {x—yY 

Hence, by Theor. 1, 18 x {x-yY=^72, 
or (x— y)'=4 ; 

/• a?— y=2. 



18; 

18 

18: 



1, 
1. 

1; 



18rl. 



Again, x'-2xy +y'=;:4, 
and 4xy =96. 

.•.x'+2xy+y'=:rOO, 



:ora:+y=10J--^-2~^^ 
butx-y=2;j j,:^8^^-- 



Ex. 6. To divide the number 24 Jnto two such parts, that 
their product shall^be to the sum of their squares : : 3 ': 10. 

Answer, 18 and 6. 

Ex. 7.- Tliere are two numbers which arf to each other 
as 3 : 2. If 6 be added to tlie greater, and subtracted from 
ike lesser, the sum and remainder will be to each other 
: : 3 : 1 . What are the numbers ? 



Answ. 24 and 16. 



£x.8 
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Ex. 8. There are two numbers which are to each other 
in the duplicate ratio of 4 : 3, and 24 is a mean froportional 
between them. What are the numbers ? 

Answer, 32 and 18. 

Ex. 9. ' If — = — -=40; shew that a + x :2a :: 2b i a^x. 

Ex. 10. If x' : jr* :: 36 : 25, and 2x+y : X'\-2 in a 
ratio compounded of the ratios of 17 :: 2 and 2:7; what 
are the numbers ? ; An&w. 12 and 10. 

Ex. 11. If a+x : a—x :: 9 : 5, shew (by Theor. 8.) 
that a : a; : : 7 : 2. 

Ex. 12. There are two numbers whose product is 135, and ' 
the difference of tlieir squares is to the square of tlieir dif^ 
ference : : 4 : 1 . \Vhat are the numbers ? 

Answ. 15 and 9. 

^ . XXX. 

On Fai'iable Qu/mtities. 
104. If ^e quantities under consideration be of tf vandbte 
nature^ then their relation to each other must be estimated 
in the following manner. 

I. Let A and B be two variable quantities so related to 
each other^ that whilst the value of A is changed to a, the 
v^nlue of jB is changed to ^; then if these two quantities 
A a»d B always bear the same ratio to each other^ i. e. if 
A : B :: a : b (or by Theor. 4. of Prop". A : a i: B i b) 
throughout the whole period of their \^ariation, they are said 
to vary directly as each other. 

. Exam. Suppose a body to move uniformly along at the 
rate of 3 feet in one second of time ; then in the first second 
It would describe 3 feet, in tiuo seconds 6 feet, in three 
seconds 9 feet, &c.&c.; hence, whilst the time varies through. 

I 2 
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1^ 2^ 3^ 4, &c. seconds^ the spaee varies through 9, 69 9, 12^ 
isc. feet ; bpt the numbers 3, 6, ^, &c. are respectively in the 
same ratio with the numbers i, 2, 3^ &c. When, a body moves 
uniformly, therefore, ^^ the space varies directly as the time." 

II. If the relation between A and B be such, that whilst 
-^ by increasing is changed to ff, and B by decieasing is 

changed to l, in such manner, that A i a i: -^ :: -j {or) 

B V 

:: b : B throughout the whole period of their variation, then 

A is said to vary inversely as B» 

Exam. The area of a triangle is equal to half the rectangle 
contained by its base and perpendicular altitude} if, therefore, 
the form of the triangle be changed whilst its area remains 
the same, it is evident that as its altitude increases Its lose 
must decrease. Let A and B represent its altitude and* base 
at anyone period of its variation, and a and I its altitude and base 

at -any other period, then — ^=fiL orAxSj^axb, 

.•.;;{by Th. 2. Prop*^.) ^ : a :: 6 : JB :: i : L i.e.*4he 

" altitude of a triangle whose area is given varies inversely 
'^ as its base, and vice vers^." 

> III. If there be three yariable quantities u4,.S, C, whose 
relation to each other is such, that whilst B is changed to h^ 
and C to c, A is changed in the compound ratio of the 
change of B and C; i.e. if .^ : a in the ratio compounded 
of the ratios of jB : i and C : c, or (Art. 101, I.) A : a 

' i: BC - ICf then A is said to vary as B and C conjointly. 

Exam. Let A represent the area, B the base, and C the 
perpendicular altitude of a triangle ; and when the form of 
this triangle is changed, let a represent the area, b the basff, 

BC 

and c the altitude at any period of its variation ; then A^ -5- 

and 
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f * 

•and a=--j-, /• A :. 4 :i -^ ; ^^ ;: 5C : ^c, or '* the oneo 

^^^ of a triangle varies as its h^se and perpendicular altitude 
*^ conjointly" 

iv. If the relation between the three quantities j4,ByChe 
such, that when A^ is changed to a^ £ to l, and C to c, B : b 

in the ratio compounded of the ratios of ^ : 9 and 7; ; f- 

C c 

or (Art. 101, h) B I h y. j, : -, th^n J5 i§ said io vary 

directly as -<^, and inversely ^i^ C. 

Exam. Let A, B, C, a, b, s represent the ^alpe quantities 

'A 
as in the last Exattiple, then sinqe A^BC^ .^=^— ; ; and sii^ce 

a^bc^ bsz^. Hence B : b :: ^ i -, i.e. '^ when the firea 
c ' C c 

^' of a triangle is changed, tlie base i^ll vary as the area 
*" directly, and as the perpendicular altitude inversely." 

105. These several relations of variable, quantities are often 
more briefly expressed by placing the mark oc l)^tween them ; 
thus 
A:, a :: B : J,or "-/f varies as JB," isexpressed by • .A^cB. 

A:a::-^: jjOT ^^ A varies inversely as B" by . . . Acc-^. 

A:a:i BC : tc,or "^varies as BandCco?2/oew/Zj//'by^ocJ5C, 

' I A a (o^^^BvanesdirectlyvisA.and} , -n^A 

£:4::-:--{ . , ^,/ >^by..-B«:-. 

C c I inversely as C, . , . • J C 

This notation is made use of in the following Theorems. 

Th. 1 • ^^ If one quantity varieis as another, it will also vary 

. as any multiple part, power ox root o(^ the othe?." Thus, 

let A9^B, then A : a '\ B r- by multiply the last ratio 

by m^ then (Art. 100, h) A:a :: mB : mb, .\ (Art. 104, L) 

T Aoc 



]38 VARIABLE QUANTITIES. , 

ji<x,niB, where m may be any number either integral er 
fractional. Agaia^ since ^ : a :: 5 : i, (by Th. 11, Prop".) 
^" : a* :: B* : J*; .*. A^ocB'y where n may be any number 
integral orjractionai. 

Th. 2. '^ If one quantity varies as another, and each of 

^^ them be multiplied or divided by any quantity variable or 

'^ invariable, then will the products or quotients, thus arising, 

" vary as each other." Thus, let A^B, then A\ a\i Bih\ 

let m be an invariable quantity, and multiply all the terms of 

the proportion by it, then mA : ma :: mB ; mh^ /. mA 

ocmB. Let C be % variable quantity, then we have 

Aiav.B\h\ . , «, ,„ rAC'-ac:: BC:bc,orAC^BC; 
f..byiH.lJ,r ^d 

CoR. 1. From hence it follows, that ^' if one quantity 

^^ varies as two others jointly, then either of those. quantities 

*5 varies as the first directly and the other inversely" Thus 

A 
letAocBCf thjen dividing each by C, -Boc- or *^ as A di- 

A 
rectly and *C inversely ;*' divide by JB, then COC - or ** as 

B 

A directly and B inversely/' 

Cor. 2. '^ If the product of two quantities be invariable, 

then those quantities vary inversely as each other/' For let 

7n 1 9/1 

AxB^m, ,then A= 5 which varies as -, and 5= -^ which 
B B A 

varies as ~ ,, ^ being a constant quantity. 
A 

Th. 3. ^' If onequantity varies as a second, and the second 
as a third, then will the first quantity vary as the third.'' For 
let AiX.B^ then A : a :: B : b; and let BCCC, then 
B : b :: C I c; .\ by Th. 5, Vrop^^ A : a :i C : c; 
hence ACCC, 

Th. 4. 
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.Tfl. 4* " If ^ny two. quantities vary lui a tUri, then will 
«f their sum or difference or the square root of their product 
^f vary as the third." Thus let AocC and BocC, then, 
byTh. 3, AocB; .\A ^a :: B : hoxAiB :: a': b, 
and by Th. 6. PTop\J± B: B -' a±l : b or A±B: a±b 
i: B z b; but since SocC, B \ b :: C : c, [hence ^±J5 
: a±b :: C :c, or A±BcicC. 

Again, since ^ 

A.iay.Ciclhy Th. 12, Pr6p". AB : ab :: C* : c', 
and JB : * :: C: cJandTh. 11, ?rop\ ^<AB : ^abi: C: c. 
Uencej/ABocC. 

Th. 5. *' If the square of the sum of two quantities varies 
<^ as the jgttaftf o/* ^^ir difference, then the J«f» of tkebr 
<<^ squares ysiTies as thtiT product " Forlet(^+B)'oc(^— fl)% 
then , {A+B)\:{a+by ii{A-By i {a^b)\ 
. or (-4+B)' : {A^P)'i'. (a+ir ^ (a-*/- 
By Eiq>ab3ion, andl 2A*+2E' : 4^J5 :: 2a'+2.y : 4ai, 
TH.8,Prop". j or A'^B' I 2AB:i a'^b' : 2at; 
.-. A^-rBT : a*+6' :: 2^S : 2ab:i AB : ai, . 
Hence ^+B'0C^5^ 

^H. 6. *' If there be two sets of quantities. A, -B, C, D, 
^&c. and P,Q, R, S, &c* which vary as each other re- 
^'ipectively, viz. AOiP, SOCg, then will the products of 
*^ those quantities vary as each other." For, let a, i, c, &c 
p, ?j ^> &c be corresponding values of ^, B, C, &c. P, Q, Jl, &c. 
then,. «nce ACCPyA laiiP ip 

. , .B(XQ,JB:i:: Q-g 
. . .C(XR,C:ci:R :r 
■'&C. - &c. 



By CoR. to THBOtt. 1 2, Prop*- 
ABC&c. ; aic&c. --: PfiH&c- : pgr&c. 
Hence ^BC&cocPQi^&c- 
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€( 



Th. 7* ^Hf any *^aii% A depends ufMiii a set of qaan- 
titiesi Pf Qf k^ Sy in such a manner^ that if Q, R, S ate- 

*^ constant, AocP; if p, R, & are constant, AacQ; &c. Ac. 

^^ then if they alt va#y, ^ will vary as then- product." 

E9r let A be changed 
to Xj by the variation o( Ptop, the rest being comtant, 

from jc to y <>f 6 ^ 9^ » 

from y to a of fl to r, . . • 

from 2toa ofSto^ 



Then, when all vary, we haVe A : xii P :*p\ Hence, by com- 

£ : 1/ :: Q: q f position of ratios^ 
y iz::R: r^A: aiiPQRS 
z : A:: S t sj : pqrs or A<x: 

PQBSf and the Theorcia would evidently be true, whatever 

be the number of quantities P, Q, J?, S, &c. 

Th. 8. ^' If one quantity varies as another, it is equal 

^^to that quantity multiplied into some constant quantity^ 

*^ ^tid the value of this constant quantity will be known, if the 

'^ actual relation between the two variable quantities at some 

*' given period of their increase or decrease be known/' For 

let A ocJBf then A : a n B : b or A : B n a : b, i.e. the 

talio <of ^ : jB is always the same thr6ugh the whole period of 

their variation ; let this ratio be that of mi 1, then A : S 

A 
XI m\ 1, and ^2s=7»i5, or mx:—. If therefore the coffe- 

spondih^ values df A and B at any period of their variation be 
known, the value of m will b^ kno^^t. 

Exam. The 5pa^tf described by a body descending perpen- 
dicularly near the surface of the Earth varies as the square of 
iS\et%me\ let the 5pactf=S, the corresponding UmessT, then 
by this Theorem S^mT*; now it is known by experiment, 
that a body falh through a ipaca of about 16 feet in the first 

second 
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second of its fall; hedce^ when S=16, 7=1, /. mszl6, and 
the general relation between the space and time of a body^ thus 
fMmghS^l6T\ 

A 
CoR. Since -^^my it follows, ^' that if one quantity 

^f varied a» another, the fraction arising from divicB^g the 
^^ one quantity by the other, is a constant quantity/' 
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CHAP. VIL 

ON ARITHMETICAL AND GEOMETRICAL 
PROGRESSION. 



XXXL. 

Dbfinitioi^s. 
106. If a series of quantities increase or decrease by the 
continual addUion or subtraction of the same quantity^ then 
those quantities arc said to be in Arithmetical Progression. 
Thus the numbers 1^ 2^ 3^ 4, 5, 6^ &c. (which increase by the 
addUion of I to each successive term)^ and the numbers 21^19, 
17> 15^ 13^ 1 15 8cc. (which decrease by the svhtrdction of 2 from 
each successive term), are in arithmetical progression, 

107 In general^ if a represents the first term of any arith- 
metical progression^ and h the common difference^ then may the 
series itself be expressed by a, a + bfa + 2by a + S 2r^a+4Z',&c. 
which win evidently be an increasing or a decreasing one, 
according as b is positive or negative. In the foregoing series, 
the coefficient of I in the second term is one ; in the third term 
is two; in the fourth is tkree^kc. i.e. the coefficient of & in 
any term is always less by unity than the number which denotes 
the place of ihat term, in the series. Hence, if the number of 
terms in the series be denoted by (tz), the nth or last term in 
tiie progression will l>e a+ (w— \)b. 

108. If a series of quantities increase or decrease by the con-« 
Unual mt^tiplication or division of the same quantity, then those 
quantities are said to "be in G£0777^/nca/ Progression. Thus 
tile numbers 1,2,4,8, l&,&c. {v;hkh increase by the continual 

multifli' 
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,fnuUiplication of 2), and the numbers 1,-, -^j^-rj ^c- (which 

• 3 9 2/ 

decrease by the continued division of S^ or mulliplicaticn of-^J^ 
are in Geometrical Progression, 

109. In general, if a represents the^r5/ term of such a series^ 
ai]id r the common multiple or ra^io, then may the series itself 
be represented by d, ar, ar% ar', at*, &c. which will evidently 
be an increasing or decreasing series^ according as r is a whole 
number or ?^ proper fraction. In the foregoing series^ the index 
of r in any term is less by unity than the number which denotes 
the place of that term in the series. Hence, if the number of 
terms in the series be denoted by (n), the last term wiU be ar^K 

XXXIL 

On Arithmetical Progression. . 

1 10« Let S be the sum qi the series a, a-f-£, /z-f2^, a-^-^b, 
&c,; then 



U, \+/(a+« •\ + /(«+2*, \&c. /a+(«-2Jfc ,+ /"+(»- 1)*\= S, 

\rt + (»— l)i/+ Vrf (11-2)6/ +li4-(»--3>/&c.Ya«f i) /+ (a ...../= 5, 

where the /oit'er series is the same as the upper one, except 
that the order of the terms is inverted. 

Add the two series together, by forming the terms which arc 
written within the parentheses into one sum, and we have. 



2a+(w— l)6+2a+(«-^l)A+2a-h(w-l)Z^+&c. ion terms=2jS, 

or2a+(«-l)6xw=:25';.-.S=2a+(w-i)ix^.^^ 

n 1 . From 

II <1 ■■ ■ .1 ■ ■ I III III »■ ■ III ■ III. I.i .. I. I .111 . I ■ ■ ■ I I I W I I ■? 

(*) Since tbe sum of any two terms within the paeentheses ^ 



a-{-ii-)-(»--> l)6:=sum ofjirsi and iasi term, and since Stz^a+in —1)1 x zt 

it appears that the sum of the series is equal to ihesumoftbejlrst and last 
terms for of anp two terms squatty distuni from the Jlrst and tost t4rms)'y 
^uitipU^dinlQ half the number sf terms. 
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III. From the equation 2 a4-(«—l)A.|i = 25, it appears 
that if any three of the four quantities a, b, n, S are given, the 
fourth may be found. For we have, 

I. By Art. 110 . S=2a+{n^l)bx^^ 

II. By actual multiplication, 2an'{'bn*—ln=s2S; 

.\2an=z2S—bn*+ln, 
2S-&n*+ftfi 

anda= 2r~^' 

HI. ... * Again, ln^-^ln=:2S—2an 

or (72'-n)t=2S-2a»; 
2S-^2an 

.'•.t =—;.-—;; . 

n -—11 

IV. 1|o find 72, we have, by transposition, In^ + 2an'^bn^2Sf 

or An*+(2a-A)«=2S; 
. 2a-i 2S 

Solve this quadratic equation, and it gives the value of «. 

EXAAflPJLE 1. 

Find the sum of the series I, 3, 5, 7, 9, 1 Ij &c. continued 
to 120 terms. 



Here flsrl. 



i=2, l---S=2fl + (;i-l)ix2- 

7z=120:J 120 

'^ =2xl + (l20^1)2x'^- 



=2+ 1 19 X 2 X 60=iS40x 60=14400. 

Ex.2. 
Find the sum of the scries 15, 11, 7, 3, — 1, —5, &c.. to 
20 terms. . 

Hereas: 15,% ^ . n ^ 

■ •.S=2a + (7i-l)tX2- 

.- ■ " • ^ - 20 

= 2x15 + (20-1) X -4tXj. 

St (30-rl9x4)xl0. 
= (30-76) xl0=£-46 X M)x=--460. 

Ex. 3. 



»a=: 15,% 
i=-4,t 

n« 2e5J 
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' Fx. 3. 

Find the •am.<Df 150 terms rf the series i, -, 1, 1 -, 2, -,&c. 

3 3 3 3 3 



1 



Hwe as=g, .•.S=2o+(/i-l)^x|. 



*4 f =2x|+(150-l)x3ixl|2. 
■^^-j =|+f x7S=i|ix75«.8775. 

'Ex.4. 

The sum of an arithmetic series is 12'10, common difftrmix 
—4, and number of terms 20. What is the Jirs/ <CT7»? 
HereS=1240,-J . „_2S-bn'A-bn 

*'"• ^r 2480+1600-80 4000 ,^^ 

•=20; J =^^ 40 = -4r = ^^^- 

• Hence the series is 100, 96, 92, 88, fyc. 

Ex.5. / 

The sum of an arithmetic series is 1455, the ^rst termS, and 
the number of terms 30. What is the common difference? 
He^eS=1455,^ . , 2S-2an 



fl— 5 C" ®'""'^ 

( _ 2910~3( 

n=30; 3 "" 900 -3( 



300_26rp 
30 ^ 870 "■ . 
Hence the series is 5, 8, 11, 14, &c. 

Ex. 6. 

The sum of an arithmetic series is 567, the J5r5/ term 7, the 
common difference 2. What are the number of terms P 
^ HereS=567,) ... „.+2«^.„=2S 

6=2; 3 i8»*+ 6w =1^ =567, , 

andn'+ 6n+9 =567 + 9=:b76 ; 
,-. n + 3 = 1/576 =24, 

or«=24-3 =21. 
u Ex.7. 
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Ex.7. 

How.much ground does a person pass over in gathering. up 
200 stones^ placed in a straight line^ at intervals of 2 feet from 
each other ; supposing that he brings each stone singly to 
a basket standing at the distance of 20 yards A'om the first 
stone^ and that he starts from the spot where the basket stands ? 

It is evident that the space passed over by this person will be 
twice the sum of an arithmetic series, whose ^rs/ term is 
iO yards {i.e. 60 feet), common difference 2 feet, and number 
of terms 200. 

Herea=60, ^ ^ ^^-— -^ _ n 



j^2, [ •••'S=2a+(w 
n=200;3 =120+3 



20+398x100. 
.=5l'8x 100=51800 feet.^ 

feet. miles, farlongi, feet. 

Hence the distance required=103600= 19 • 4 . 640. 

Ex.8. 

A trayeller bound to a place at the distante of 1 98 miles, 

goes 30 miles the frst day, 28 the second, 26 the thirdy and 

so on. ~ In how many days will he arrive at his journey's end? 

Here is given a =30, -v 

A= .— 2, 1 to find the number of terms, 

S=198,3 

T^T • . 2a-6 2S , , ^, 2x198 ,,,o 
Nownr'H J — .n=y- ; .•. » •-31w= ~-= — 198, 

apdTi -3171+—-= — 198 + --:- = — ^• 

4 4 4, 

u 31 . 13 , 31r-13 o 

Hence w— -.= + -—-, and n=s — i- — =9. 

The traveller, therefore, arrives at his journey's end in 9 days, 

Ex. 9. 

There are a certain number of quantities in arithmetic pro- 
gression, whose common difference is 2, and whose sum is equal 
to eight times their number; iporeover, if 13 be added to the 

second 
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Second term, and this sum be divided by the number of terms, 
the quotient will be equal to the first term. What are the 
numbers ? 

Let the yirst term:s:x, 1 then the second term will be x+'2, 
wJidthenumh€ro/temu=yi f ... the last term .... x+Cy— 1)X!8. 



n 



In the expression 2a+(»— 1)^X5, substitute x for a, 2 for fc, 

2 



and y for n, and it become»2x-^ (y— 1)2 x| ( =a:y +j/* — y), 



for the sum of the series. 

By the question, xy+y'—y=^By, of y=9— jc, 
and f±l±13-x 

mill ■ ■ ■ — x« 

y 

Hence, — ^ =a:, or x"— 8x=s: — 15 j 

.•.y-8x+16==16"15=:l, 

andx'-4=±l; .'. a;=5 or 3, 
t/=9— X =4 or 6. 

From which it appears that there are two sets of numbers which 
will answer the conditions required ; viz. 5, 7, 9, 1 1, or 
3,5,7,9, 11,13. 

Ex. 10. Find the sum of 25 terms of the series, 
2,.5, 8, 11, 14, &c. 

Answer, 9^0. 

Ex. 1 1 . Find the sum of 36 terms of the series, 

40, 38, 36, 34, &c, 

Answ. 180. 

Ex, 12* Find the sum of 32 terms of the series, 
\ l,li,2,2§,3,&c. 

Answ. 280. 

Ex. 13. The sum of an arithmetic series is 950^ the common 
differehce 3, and numler of terms 25 . What is the first term ? 

Answ. 2. 

• Ex.14. 
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Ek. 14. The sum<i( an arithmetic series is 165^ the first 
term 3, and the number of terms 10. What is the common 
difference? 

Answbr, 3. 

Zx. 15. The 5Mmofan arithmetic series is 440, y?r5//crm3, 
and common difference 2. What are the mimber of terms? ^ 

Answ; 20. 

Ex. 16. The sum of an arithmetic series is 54, first' term 
14,- ajid common difference —2. What are the m^m^a^^ 
terms? 

1 V Answ. 9, or 6i 

. Ex. 17. A person bought 47 sheep, and gave I sliilling for 
thejlrst sheep, 3 fear the second ^ 5 for the Mtr(2, and so on. 
What did all the sheep cost him ? - 

Answ. £.110.9^. * 

*Ex. 18. A person began the year by giving away a farthing 
thfe ^rst day, a halfpenny the seconds three fart kings the third, 
and so on. Wliat money had he disposed of in chaifty at the 
'end of the year? 

Answ. £.69. lb.6jd. 

Ex. 19. A travels uniformly at the rate of 6 miles an hour, 
and sets off upon his journey 3 hours and 20 minutes before B; 
B follows him at the rate of 5 miles the^n^ hour, 6 the second, 
7 the third, and so on. In how many hours will B overtake ^? 

Answ. In 8 hours. 

Ex. 20. There a^ a certain number of quantities' in arith- 
metic progressign, whose ySr^^ term is 2, and whose sum is equfd 
to 4 times their number ; if 7 be added to the third term, and 
that sum be divided by the number of terms, the quotient will 
be equal to the common difference^ What are the numbers ? 

Answ. 2,5, 8, 11, 14. 



XXXIIL 

On Geometrical Progression. . 

112. Let S be the sum of the series a, ar, ar"", ar*^ &c. 
(Art. 109), then 

. a+ar+ar'-Mf^ + &c. . . . Mr'^^+ar*^^ . . . 5= S. 
Multiply the equation by r, and it becomes 

Subtract the vppei' equation from the lower ^ and we have, 
or"— a=rS—S, or (r—l)S=a7-«—fl; 

and therefore, ^= ■*■ ■ ■ . . 
r— 1 

^ If r is a proper fraction, then r and its powers are less than 1 • 
For the convenience of calculation, therefore, it is better in this 

case to transpose the equation into S= - , by multiplying^ 



the nuAierator and denominator of the fraction -r---jY-l>y-'l. 



l~r 

a 



1 13. When the number of terms is large, the summation of 
a aeries of this kind, and the general solution of the equation 

S=?^!!zf , or 511^, can only be effected by means of Loga-^ 
rithms. (Vid. Chap. X.) ' . 

114. If /be the last term of a series of this kind, then^ 
l:=zar*-'y .-. rl=zar*; hence S= Q~^^ ^T^^ ^"""^ 
this equation, therefore, if any three of the four quantities S, a, r, I 
begpyen, the fourth may be found. For S= y_^ > «=^^— 



(r-l)S; r=sj^,and/= j^ r- 



Ex.1. 
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EXAMPLB I. 

Find the sum of the series 1, 3, 9, 27> &c. to 12 terms. 
Herea=l. "J . ^_5r--a_l x3*«-l 



a=l, 1 . , 
r=3, 1^ 
n=l2jj . 



r-1 3-1 

81'- 1 



2 
531441-1 531440 



=265720. 



Ex.2. 

2 4ft 
Find the sum of ten terms of the series 1 +^ -f ^ +^, &c, 

10 



H«.a=l 1 ,_(?r . .(|)"x3 



B=10J 3 



=^^='-(|^'- 



M«» /2V_2» 1024 

1 (2\»_.__1024_58025 
^3' "^ 59049 59049* 

1 c_ 3 + 58025 _ 174075 ' 
^"^ *~ "59049 "5904flr- 
Ex. 3. Find the sum of 1,2, 4, 8, 16, &c. to 14 terms. 

Answer, 16383. 

Ex. 4 ^' 3' 9' 27' ^' *° ^ **""'* ' 

. 3280 

^'"^- 2187- . 
XXXIV. 

• Ob the method of Ending any number of Arithmetic 
or Geometric Means between Two Numbers. 

115. Let / be the last term of an arithmetic series, whose 
Jirst term is (a), common difference {I), and number of terms 

(n)j then /=a+(n— l)i; .•. («— l)i»=Z— a, or i= j. 

Now 



ARITHMETIC AND GEOMETRIC MEANS. HV 

Novr the number of intermediate tenns between the first and the 
last IS 72—2; letn— 2=wi, then n— l=7?i+l. Hence £= 

Z— /» 

, which gives the following Rule for finding any number 

of arithmetic means between two numbers; ^^ Divide the^ 
^^ difference of the two numbers by the given number of means 
^^ increased by unity ^ and the quotient will be the common 
*' difference." Having the coQimon difference, the means 
themselves will be known. 

116. Let I be the last term of a geometric series, then Z= ar*-^, 

and r*-*s=-, .•• r=4 / -. The number of intermedhite terms 
a \ a 

as before is n— 2; let ti— 2=W25 then w— 1=7»+1, and 

«+i 

r=\/ -, which gives the following rule for finding any num^ 

ier of geometric ipeams between two numbers; viz. ^^ Divide 
" one number by the other, and take that root of the quotient 
*' which is denoted by m+l; the result will be the comrmm 
'* ratio," Having the comihon ratio^the means are found by 
continual multiplication. 

Example I. 
Find six arithmetic means between 1 and 43. 



Here/=43,'j , ^o' i An 

'/ ; I— a 43—1 42 ^ 

971 = 0; J 



By adding this common difference continually to the lesser 
number (1), we have 7, 13, 19, 25, 31, 37, for the six means 
' jequic^. 

Ex.2. 
Find three geometric means between 2 and 32. . 
Herea=2, ^ «^^_ ^ ^— . 

and the means required are, 4^ 8, 16. 

Ex.3. 
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Ex. 3^ 

1 fi * 

Find two geometric means between i^ and 2. 



Here a= 



:^7 
16 



' 8 4 

w=2; J .*, the two means are- and ~. 

Ex. 4. Find seven arithmetic m^ans between 8 and 59. ' ' 
Answer, 10, 17^ 24, 31, 3S, 45, 52. 

. Ex. 5. Fmd eight arithmetic means between 4 and 67. 

Ex. 6. Find nine arithmetic means between & and 109. 

Ex. 7. Find two geometric means between 4 and 256. 
* ,, Answ. 16 and 64. 

I * 
Ex. 8. Find three geometric means between ^ and 9. 

Answ. '-, 1,3. 

If the number of geometric means required be large^ the 
problem must be solved by means of Logarithms. 

117. Let a, a 4- ft, a + 2^ be three quantities in arithmetic 
progression, then the sum of the first and last =2a-f2t= 
2(a4-ft); .% a+b^half -the sum of the first and last; hence 
*^ an arithmetic mea^i between any tivo quantities is found, by 
taking half their sum." Again, let «, ar, af^ be any three 
quantities in ge&pietric progression, then the prodvct of the first 
and last =a'r*= the square of the mean term, frbm which it 
appears that " di geometric mean between any two quantities is 
found by taking the square root of their product ^*\'' From 

heiice> 



(*) It may be proper here to observe, that quantities which are in geomeirie 
progrestion are also in continued proportion ; for a : ar :: ar : ar* :: or* : or* :: 
, &c. The differences of qyuantities in geometric progression are also in con- 

tiaued 
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henee also it appears^ that an arithmetic mean between any two ^ 
numbers is greater than a geometric mean ; far let the two 

. numbers be x and y, then the arithmetic mean =i— 31^^ and the 

geometric =v^xy. Now (a?— y)" is necessarily ^positive quan- 
tity ^^, and since it is equal to, x*— 2x2/+2/*, ^*+y* must be ' 
greater than 2xy\ add 2xy to each, then a;*+2a:j/+y* is 
greater than Axr/j and qonsequently a; +i/ greater than ^Vxy, 

or -II^ greater than i/xy. 

XXXV. 

On the solution of Equations relating to Numbers in 
Arithmetioal or Geometrical Progression. 

118. As a given number of terms of any arithmetic Or 
geometric series may be expressed by means of two unknown 
quantitieSfh is not difficult to find a given number of quantities 
of this kind, which shall bear all such relations to each other as 
may be determined by two equations; of which the following 
are Examples. 

EXAMPLB I. 
' Find four numbers in arithmetical progression, such, that 
their sum shall be 56, and the ^wm of their squares 864. 

Let j;=the second of these four numbers, 
; and y= their common difference* 

Then 



tinued proportion 5 for the successive differences of the terms of the ttries 
a, ar, ar*,ai^, «»•*, &c. are ar-^a, af^—ar, ar^^ar*, Ac. or ar-^afdur-^ujr, 
(ar^tOr^y &c. which is a geometric progression vihosejirst term is dr^a, 
and common ratio r, 

(^ For ;r— y ie positive ornegaiwe, according as x\% greater or less thany; 
but since the square ot a quantity is necessarily positive, (jt— y)*will be 
positive, whatigver be the relative values of x and y. 

X 
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Then the four numbers may be represented by X'^y^ x, 

x+y,x+2y. 

Hence^ by the question, 
(a?-y) +x+(x+y) +(x+2y) =4x +2y =56, 
and («-y)'+x'+ (x+j/)H (a;+2y)'=r4x'+4a^+6y*=864. 

From Ist equation, 2j:+y =28. 
' I Square this equation, then 4a;*+4j(;y+ y'= 784 (jf), 
but 4«*+4xy+6/=864 (B). 



Subtract (J) from (J3), and we have 5y'=:80, 
ory'^16, andy=4 ; 

. 28^^24^ j2 
..xr^~ 2-*^- 

Hence 8, 12, 16, 20 are the four numbers required. 

Ex.2. 

The sum of three numbers in arithmetic progression is 9, and 
the sum of their cubes is 153. What are the numbers ? 

Let X— y, X, x+y, be the numbers. 

•^ Then (x-y) H-x +(x+y) =3.r =&, 

(x-y)'+x'+(x+y)'=3af+6xy*=153* 

9 
From 1st equation, x=-=3 ; 
o 

•' . by subsiituthny in 2d equation, 81 + 18 y*= 1 53, 

orl8y'=153-81=72j 

.•• y*=j|=4,andy=2. 
Hence, the numbers are 1, 3, 5. 

Ex.3. 

Find three numbers in geometric progression, such, that their 
sum shall be equal to 7, and the sum oftlieir squares t& 21, 
' Let T, y, z, be the numbers. 
Tlien, by the question, x +y +z^ 7, Ist eijuation."! 
And x*+y*+z*ss2l, 2d equation. J 

By 
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ByNote (*)^picer5S^: y :: y:z; .\ y*=,xz. 
From l8t equation, x+;s =7— t^. 
Square this equation, and jp'+2x«+»*=s49— I4y-^y*{ji); 

but 2xz=: ^y^'iB). 

Subtract (B) from (^), then a?' + «'s=49 - 14 y - /. 
But, from second equation, a;*+jr*=21 — y\ 
Hence, 49-l4y-y»«21--y% 
or49-^14y=21; 

••. 14y=49-21=28. 

• V - ^^ -2 



Again, since x+.;e =i7— 2/=7— 2=5, 
we have x*+2xz + z*ss 25 5 

but 4xz = 16, for xz^if-^ 
.•• by 8ubtr8^!tion, x'— 2a;« + ^•=25 —16 = 9, 
andx— «=3. 



Hence. 



I, x+%=5,1 .'. 2x=:8, or x=4 
X— x=3;J 2zz=2, or z=l. 



and the three numbers ai*e 1, 2, 4. 

Ex. 4. 
The 5tiffi of four numbers in geometric progression is 30, a)id 

the last ^ term divided by the sum of the mean terms is -; 

What ai^e the numbers ? 

Let x= first term, 2^^^"^^^ numbers themselves will 

y s= the common ratio;S tie x, xy, xj/*, xy'. 
Hence, by the question, x + xy + xy' + xy' =30, 1 st equation,^ 

and J- — - =-, 2d equation. I 

xy+xy\ '6' ^ J 

From 1st] 

equation, 



;;|xx (Uy-f-y-f y')=30;orx= ^ ^^'%/ ^)' 



From 
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From2dV xyxy* 4 ^^ j] 4.^. 

equation,/ xyx(l+y) ^3' l+y-5^-^'" 
By reduction oH ^ , ^ ^ 
equation (B),l 3y=4+4y, 

* 4 4 

andy-|=|; ory=|=2. 

Hence from equation (J), x= — =?9=2. 

^ " 1+2 + 4 + 8 15 

The four numbers are therefore 2, 4, 8, 16. 

Ex. 5. 
There are three numbars in geometric progression, whose 
product is 64, and sum of their (nibes 584; What are the 
numbers ? 

Let the numbers be x, xy, xy*. - 
Then, by the question, x X xy x xy'.or x'y'= 64, 1st equation.! 
And x* + x'y' + x'y*= 584, 2d eq-uat'.J 
: From Ist equation, y'=~, and y'ss 12^. ' 

By substitution, inl ,:«. ,4036 ^^, 
2dequaUon, j" * +64+-^ =584. 

Hence, x*+64x'+4096=584x', 
or xV 5 20 X* r= — 4096. 

Solve this equation by-j 

BuleinSect.XXiv.t • . . andx»=8j orx=2. 
page 109. > 

Nowj^=|^=6^=8j ...j,=2. 

And the three numbers are 2, 4, 8. 

Ex. 6. The sum of three numbers in arithmetic progression 
is 15 ; and the sum of the squares of the two extremes is 58. 
^What are the numbers? Answbr, 3, 5, 7. 

Ex, 7. 
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Ex. ?• There are four numbers in arttlunetic progression ; 
the 9ttm of the two eHti;en]e8 is 8^ and the product of the meeaa 
19 15. What are the numbers } 

Answer^ 1,3,5,7. 

Ex. 8. There are four numbers in arithmetic progression ; 
the sum of the squares of the two means is^, and the sum of 
the squares of the two extremes is 1 8. What are the numbera? 

Answ. —3, —1, 1, 3. 

Ex. 9. There are three liumbers in geometric progression, 
whose sum is 21, and sum of their squares 189. What are 
the numbers? Answ. 3, 6, 12. 

Ex. 10. There are three numbers hi geometric progression ; 
the sum of the^rs^ and last is 52, and the square of the mean 
is 1 00. What are the numbers ? 

Answ. 2, 10,50. 

Ex. 1 1 . Tliere are three numbers in geometric progression, 
whose sum is 31, and the sum of thejfr^/ and /a5/ is 26. What 
are the numbers ? Ansiv. 1, 5, 23.^^^ 

XXXVI. 

, On the Summation of an infinite Series of Fractions in 

Geometric Progression ; and onjke method of Ending 

the value of Circulating Decimals. ' ^ 

119. The general expression for the sumof a geometric series 

whose common ratio (r) \&jl fraction^ is (Art. 1 12) 8= ^"^ -^ 

Suppose 

(*) Some curious Theorems relatidg to numbers in Gtomeiriad Pro* 
^rtasion wtU be found in " EUmens d^Alg4krt par L'Uuiler," VoL II. 
pa«;e 177.-^08. Ed. 181S. A great variety of questions, bojth in AriihmHical 
and trwm^fricfl/ Progression, will also be found in Bland's ** AlgeWakal 
Problems.** 
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Suppose now ff to be indefinitely greai^ then r" (r being a proper 
fraction) will be indefinitely small<*^, so that at^ may be con- 
sidered as nothing with respect to a in the numerator a^kf^ 
of the fraction expressing the value of 5; the limits therefore, 
to which this value of S aj^roaches, when the number of terms 

is infinite.is-r— -• 

Example 1. 
Find the sum of the series 1 4-^4.-4. -, &c. ad infintiufn. 
Here ass 1,^ , „ a 1 2 






2 
Ex.2. 



Find ^e value ©f r +«► + .-5^ +&c. ad infinitum. 

I 



41 



^■"rri~5^-4- 
5 



Ex. 3. 

Find the value of 5+^+ i+?+5= +&c. ai infimlum. 

A Z O ^ Ai 

Here a=^, | ^ o g g 



3 1 - 3 



8""l2-8"'4 
3 

Ex. 4. 



WWhen r i« a proper fraction, it U eviUcnt that r* deereaset as » m- 

erfaf»# ; let r =«jj^ for instance, then f^^j^, "^^Tooi* ** =ToOOO' *^- 
and when n is indefinitely great, the dbuunwa/M- of the fraction becomes so 
large with respect to the iitmiera^m*, that the value of the fractional itself 
becomes less than any assignable quantity. 
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Ex. 4. Find Talue of 1 + i + 1+ i- + &c. od inj 

o Si «/ 

Answbr, -. 

Ex.5. ....... \+%+%^%^iB(t.adtnJinitum. 

4 10 . b4 . 

Answ. 4. 
Ex.6. .- '«+g^+Y2c+^c. aiw/!m/?i«. 

Answ. -• 
3 

Ex. 7.^ |+l+|-f^+&c;aim^mfM«i. 

Answ. 4 -. 
o 

1 20. These operations furnish us witkan expeditious method 
of finding the value of circtdating decimals^ the numbers com- 
posing which are geometric progressions, whose common rafios 

^^^ T(i' 100' uWiR* ^^* according tp the number of factors. 

contained in the repenting dedmal. 



Example 1. 

Find the value of the circulating decimal .33333, &c. 
This decimal is represented by the geometric series 

^"*'I5o'^fiJoo"^*^^' ^^^^ ^^^^ ^^^ ** To' *"^ c^^^^^^ 

ratio ^. 



'=i0j 



Hence a=.:^, I ^ ^^ i| 3_3 1 

10. 



En\ 2. 



160 CIRCULATING DflCiMAtS IN GSOMCTftIC PKOORS9SION. 

Ex.2. 
Find the value of .32323232^ &c. ad infinitwm. 
Here a= 



_32 ) 32 



32 _32 



Ex.3. 
Find the value of .713333, 8cc. ad inJinitumJ 
The series of fractions representing the value of this 

decimal are ^+(gec«netric series) _|_ + j^+&c. 
100^ 

10' . 



^" 1 1000-100 900-300' 



'-To 



Hence the value of the deciaial= ( 1L+S^~r+J~= 
^QJ VlOO / 100 300 

"150' 

Ex. 4. 
Find th& value of .81343434, &c. ad tTifiniium. 

Herea= 



214 
300 



_ 34 1 . 34 

""lOOOO'l a _ 1000Q _ 

100' j 100 



34 34 

10000-100^9^0- 



. j»u 1 f.i. J • 1 81 , c 81 . 34 80S3 
And the value of the dec.«.al=_+S = j^+gg^Q=y^. 

Ex. 5. Find the Value of .77777, &c. ai infinitum. 
' 7 

• Answer, j-. 

Ex. 6. 



CIRCULATING DBCIMAJLS IN OSOMBTRIC FROGRXSSION. 161 

Ex.6. Find the value of .232323^ &c. a£{*m/m7um. 

A 23 

Answer, — . 

Ex. 7 83333, &e. ad infinitum. 

Answ. ~. 
o , 

Ex.8. ....... .7\A\A\4iyiic. ad infinitum. 

£x. 9 956666; &c. ad infinitum. 

I 287 

Answ. ^. 



162 



CHAR VIII. 

ON SURDS. 



Surd. quantities have already been defined in Art. 57* > and 
may be expressed either by the radical sign, or by their^flc- 
tional indices (as in Art. 68, 1.) ; thus the square root of 2, 
thecube root of S^the nth root qfa + l,the cube rootof{a+xyf 



&c. &c. may be expressed either by V2, a/3, Vo+J, A/(«+a:)% 

.&€. or by 2% 3% (a + i) ", {a+xy, &c. 

The precise value of these quantities cannot be ascertained; 
it can only be expressed by means of decimals or series which 
do not terminate; and in this sense they are called irrational^ 
to distinguish them from all other quantities whatever, integral 
or fractional, whose values are determinate, imd which are 
therefore denominated rational. Surds in their radical form, 
when properly reduced, are subject to all the ordinary Rules 
of Arithmetic. 



XXXVII. 

On the Reddction of Surds. 
Case 1. 

12\. A RATIONAL quantity may be redticed to the form of 
a surdy by raising it to the power denoted by the root of 
the surd, 

Ex. 1. 
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Example I. 
Reduces to form of the square rooty and it becomes ^v^S'or i/9. 

Ex. 2. 
Reduce- ...... cube root, V 3^^*^ V 27^- 

Ex.3. 
Reduce a+& . . • square root, ...... v^(a+i)* 

Ex. 4, 
Reduce4i* cube root, V'64t'. 

Ca8eII. 
1 22. Surds of different indices are reduced to equivalent ones 
with the same index, by bringing th^ir fractional indices to a 
common denominator. 

Ex.1. Reduce a and a to surds of the same index. 
The fractionfs ^, and -^^ reduced to a common denominator, 

A O 

3.2 
axegandgj 

. J A^ /^3 -\ which are surds with the samiB 

^ J i 4 *• « I index v'. 
and a ^ar^vct\J 

Ex. 2. Reduce 3 ^ and 5 to surds of the san^e index. 

2 1 

The fractions ^ and ^, reduced to a common denominator^ 

4 ,3 . 

aregandg. 

Now 3^=V'3*=^81 ; and S^= >/5^=^125. 



Ex.3. Reduce a^andi'^ 

Ex.4 c^and^* 

Ex.5 3v^2&2i/5 



Ex.6 4^ and 15 



\ 



to SurdSy 

y with the ^ 

Mine 

index. 



An8. V a* and */V. 
. . . v'c' and v^d*. 
. . .3^4&2^125. 
. . .^/256&V'3375. 
Casb 
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Cask III. 
123. Surds are reduced lo their simplest fc^rmy by observing 
whether the quantity under the radical sign contains a power 
corresponding to the given surd rooty and then extracting that 
root. 

EXAMPLB3. 

Ex. 1. \/d^b=:^a*x^b=^a^b. 

Ex.2. v^ii'"a;=:-v/a*X\/jC3=av'^« ^ 
Ex.3. v^72=:v'36ir2=5v^36x-v/2=6v'2. 



Ex.4. v^l08=v/27x4=-v/27xV4=3^4. 



Ex.5. s/2a'b'+a'bc=\^a:' x (2i^+o^/^c). 
:=zl/a^X'^2b^+a'bc. . 



Ex. 6. Reduce x/a*bc & ^98 aV 

l^-^Ex.J ^^cFTcfV 

Ex.8 v^Seattdv'ja 

"Ex.9 .-^243 and ^96 



= a^2b^^a^bc. . 

. . • 2y^l4and2v'9. 
. . , 3v^3 i iid 2^/3. 



tbtbeir 

fiimplesi * 

form. 



The quantity without the radical sign is called the coefficient 
of the surd ; and it is evident^ that this quantity may always 
be put under the radical sign^ by raising it to the power denoted 
by the index of the surd. 



Thus,7fl\/2j^=(hy.CaseI.)^7a x 7a x ^2x. 

r ^ -\/49a\x^'2x=z^98a^j;. 
Also, x^ 2 a— j?=s v/a?* X \/2a— x. 

=V'x''x(2a-x)=v'2aa?''-ar*, 

Case 



Casb IV. 
124. If the quanitity under the mdieal sign be H.Jracti(m, it 
may be reduced to an integral form by the following process. 

Multiply tlie numerator and denominator of the fraction 

by such a quantity as will make the denominator a complete 

powei'^ correspondir^g to the root ; ihtn extract the root of the 

fraction whose numerator and denominator are complete powers^ 

and take it from under the radical sign. 



Ex. 1. 



d^V b d^V i^' 



-, „ 3 /2 3 . /2x7 
Ex.2. -x^^-=-xV^ 

4V49 ' • 

p, •» Lyi6 1 8/Tx2 1 2 3/2 
Ex.3. aVgl^sV 2773=3^3'* V 8- 

2 8/2 



2 J/2x3' 



g X V ^. 



=^>/ix^^- 

9 13, 9 3 

Ex. 4. 



im 



Reduces 
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Ex.4. 



VI 



and 



^/ 



Ex.5. 
50 



147 
Ex.6. 



and 2 






■V-s. "''iv/l. 



to integral 
Surds 'ia 
their sim- 
plest form. 



y 



5 5 



i/27aiidlv/2. 



XXXVIII. 

On tAe application of the Fundamental Rules of 
Arithmetic to Surd Quantiti^. 

125. On the Addition and Subtraction of Surds. 

Rui^E. Reduce them to their simplest form ^ and if the 
surd part be the same in both, then their sum or difference 
will be found by taking the sum or difference of their co- 
efficients. 

Example 1. 
' Find the sum and difference of i/lHa^x and ^4 a^x. 
By Case 3. Sect. SO. v^l6a'x=4y'x, 
and \/4aV=2fl\/x; 
.-. thesum^4ax/x+2ax/x=:{4a + 2a)x^x:^6a^x. 
th^ diference=:Aa^/<c2a^x=:{4a-2a) x \^x=:2a\/x. 

Ex.2. / 
Find the sum and difference of i^i 92 and V'?4. 
By Case 3. Sect. 60. ^"1^2=: V" 64 x 3 =4a^3, 
and V' 24= ^ 8 x 3=2V'3; 
.-. ^192±v^24=(4±2) x>v?'3=6^3or2i/3. 

Ex.3. 
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Ex. 3. 

Find the sum and difference of a/ — . and \/r • 

8 1 
The two fractions -jp- and 7:^ reduced to a common dmo- 

ml O 

48 , 27 
•.mafof, are ^ and ^. 

Now < /ii- A / 16 x3 _4. /3 

, , / 27 ^ / 9 X 3 3 /3 ' 

«»»v'iv-;=(H)v/HN/i«-yi 

If the surd part is not the same in the quantities to fa* 
added or subtracted from each other^ it is evident that such 
addition or subtraction can only.be performed by placirig th^ 
signs -for —between them. 

Ex.4. Add >v/27 ctx and \/Z cfx together . Answ. 4aV3x. 

Ex. 5. . . V128 and i/72 14i/2. 

Ex.6- . . . ^135 and ^40 5vr5. 

Ex.7. Subtract 34/ A. from 4a/| iT^^*' 

Ex.8 v'I08from9V'4 6i/4. 

1 26. On the Mukiplicatum and Division of Surds. , 

Rdlb. — Reduce them to equivalent ones with the same index, 
and then mtUtiply or divide both the rational and the irrational 
parts by each other respectively. 

EXAMPLB 
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Example I. 

Multiply i/a hf^b, or a* by t*. 

The fractions - and -, reduced to common denominatcrSy 
2 3 

«g.aadg; 

Ex.2. 
Multiply 5^5 by S^^S. 

5x/5 x3v'8=15V40=15„74x~l0. 
=15 x2x,y 10=30^10. 

Ex. 3. 

Multiply 2^3 by 3^4. 
By redncfioi*, 2^3 = 2 X 3 *= 2 X ^3»= 2 A^ 27, 

and3*y4=3x4*=3x^4*=3^16. " 
Hence 2^3 x3^4=2-y 27 x3*y 16=6^432. 

Ex. 4. 

Divide2^Acby3V«C' 
Now 2^Ac=2x (ic)*=2^iV, 
and 3^^00=3 X (ac)T=3^a'c' ; 






Ex, 5. 
Divide 10-^ 108 by 5^4. 
N6w 104/108=10^27 x4=10x3x-s74=30^4j . 

:2x3=6. 



Ex. 6, Multiply >>J/l5by v'lO . ; . Answer, ^225000. 

Ex. 7. . 5>^6by|^/18 ^4. 

Ex. 8. DividelO>v/57by2i/3 ....... 18* 

Ex. 8. 10^ 108 by 5^J^84 . . . , .^ . . . . H^44I. 

127- On the Involution and Evolution of Surds. 

RuLB, Raise the rational part to the power or root required^ 
and then multiply the fractional index of the surd part hy the . 
index of that power or root. 

Ex. 1. Tbc square of ^a^a^ ^ ^=:za^=^a\ 

Ex. 2 Cuhe of ^b'^b^ ^ ^=i^ = ^i^ 

Ex.3. 4<A]&ott/5rof2^2=16x2*^^=16x2*=l6^16 

[=32^2, 

Ex.4. Squarerootofa b i=a b ^ zsic^b . * 

Ex. 5.. Cuheroot of i -•2=1 x 2*^*=I x2*=i^2. 

Ex. 6* Square >^5 ....... Answj^r, ^25, 

Ex.7- Cube! v/3 l\/27. 

Ex.8. Fifnd fourth power of- V6 . . —^ 

Ex. 9. ... square root of 9v^ 3 . . . 3>^3. 

. Ex. 10. ... fourth root of ^--</ a' . . -^a, 



\ 



Ex.11. ...fifth rootof^x (9'. . ^. 



128. From 



ifO INVOLUTION AND EVOLUTION OF 8tfftl>8. 

.128. F/om the preceding rules «ve easily deduce Ih^ method 
of converting fractions whose denomm^tors are surd quantities, 
into others whose denominators, shall be rational. Thus, let 

both the numerator aqd denominator of the fraction J^ be 
multiplied by isj 3^^ lEi»d it becomes > ^ - • ; and by multiplying 

X 

the numerator and denominator of the fraction ■ « by 

^(a + ±)-or (a*x)^ it becomes i^i^=*(^. ' Or 
in general, if both the numerator and denominator of a fraction 
of the form . .— be multiplied by /^/o;*-', it becomes ^J^LE — , 

^^ X 31!. 

a fraction whose denominator is a rational quantity. 



; XXXIX. 

On the method.of Jinding Multipliers which shall render 
Binomial Surd Quantities Rational. 

1 29. CoThpourid surd quantities are such as consist of two or 
n^ore terms, some or all of which are irrational; and if a quan<- 
tity of this kind consist only of two terms, it is called a binomial 
surd. The rule for finding a multiplier which shall render 
a binomial surd quantity rational^ is derived from observing the 
quotient which arises froip the actual diidsion of the numerator 
by the denominator of the following fractions. Thus, 



whether n be even or odd. 



II. — r^.a=x*-*-*J5"-^+j?*"'y''— &c... — y"~* to n terms, 

when n is an 'even.ii^xi\htx\ 

111. «• + 
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III. 2.=fx*-*--a;*-*v+Jc"-'v'*--&c...+ti*-* to n terms* 

when w is an o^d number ^*\ 

130. Now let jc"=a, y»=6, then a;;=M,ya, Jj^fJ^y aiW 
these fractions severally become .r— — sr-ij «' — ^ — i-rr and 

»/" V ^ *^^^ ^y ^^^^ application of the rules in Art. 68, 

' 126, 127, we have x"-* = /^a*-»; x*-*=:Va^-«; x*-« = 
« ' ti ti 

^a"^,&c.; also, y'=^i'; y^=zy/b^; &c,; hence, a:*-»y 

^a»-»t'5,&c. By substituting these -values of j?*^*, ^"""y, 
x*^y^f&ic. in the several quotients, we have 

to 7^ terms; where ?i miay be any whole number whatever, 

^And 

« 
to tt terms ; where the terms b and ^^h'"^^ have the sign +, 

when ?z is an o<id number ; and the sign — , when n is an even 
number. 

.131. Since 



11. — ~ =x— y; — f^:=^x^-x'hf\-xy'''-y'i; &ck 
ar-i-y j:+y x-ty 



• 172 oF'riNjytNG^ULfiPLtKbs to" r^hder 

. 131. Since the divisor multiplied by the quolient gives. th« 
dividend, it appears from the foregoing operations that *' if 

'^ a binomial surd of the form y/a—'/h be multiplied by 

; *^ Va*-»4.v'a*^i+\/«'J^6'+ &c...,+ \/6"-* {n being any 
*' whole number whatever), the product will be a— i, a rational 

'^ quantity ; and if a binomial surd of the form Va-\- ^/h be 
V *' multiplied by Va"^^— C^a*^b+ Va^-^i'— &c....± i/i"-', 

" the product will be a + t or a— i, according as the index 72 is 

*• an 0(/(i or an even number." The great use of this rule is, 
, '^ to convert fractions having sitrd denominators, into others 

^^ which shall have rational ones •/' of which the following are 

Examples. 

, . ExAAf. I. 

, Reduce — and ; to fractions having ra- 

a— \/x ^/b+v'S ** 

tiohal denominators. 

Since ^^ the sum into the difference of two quantities gives 
the difference of their squares/' it is evident that these fractions 
may be reduced to Others having rational denominators, by 
multiplying their numerators and denominators by a+ ^x and 
v^S—v' 3 respectively, without the formal application of the 
rule. 

Thusxx (a+ v^x)=flx-rxv^x ") by which means the fraction 

and («- Vx) (a+ v'x) =a*— x f is reduced to ^^£±£^. 

^ a*— X 

Again VQ W^ - V3) = ^8 - VI 8 = (Art. .1 23)4^3 -3^/2 
and (^/8 + V3)(>^8-v^3) =8-3 = 5; ^ 

and the fraction is reduced to _JiIl5l^. 

Ex. 2. 
' 2 

Reduce ^^^—y:^ to a fraction with a rational denominator. 

To 
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3 5. 

To find the multiplier which shall make v3-^v^2 rational, 
we have «=3, a=3, i=2; /. >/a^'4- v'a""64-V'i"^'^"^= . 

Now 2(>>9 + .^6 + >^4) = 2v'9 + 2^6 + 2^4, 

and (v'3-v'2)(^9 + ^64-v^4) = (a-i)3-2=l; 

.-. the denominator is 1, and the fraction is reduced to 2V9 

-h2v'6 + 2v'4. 

Ex. 3. 

i Reduce '^ ^ ,■ ■ to a fraction with n rational denominator* 

• Here n=3, a= a;, b^y, the sign of ^4 is + , and n an odd 
'number; /. the murtipHef is ^a'^^ — ^a'^'^b + ^b*-^=A/x'' 
■ — v/^y+ v^y'; Hence the fraction required is j -^ — 1-^ \ . / 

Ex.4. 

3 ' 

Reduce *- ---rtoafraction with a rational denominator. 

.. Here ra=4, aa=5, i=3, the sign oi\/h is +, and n an 

ey^n number, /. the multif^* is y'a*-'— ^a*^J+ J'a»-*5' 

*— ^J-'=:^/l■25— ^75 + v'45— V27. Hence the fraction 

.VeijuiredisC ,^~^ / Cr\2^- ^/ 75 + /45- J^27 '^ 
V V S+ V3/ Vy,i;;5-^75 + ^45-^27J/ 

=|(^125-^75 + -^l5-V'27). 

XL. 

(■) Tbe num^^of terms of the general series to be taken, is always equal 
to n ; in the preseut instance^ therefore, the number to be t&ken is S ; 

V 

and so in all other cases.; recoUectiug that the /flA^ terms is always v/^'^'. 
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XL. 

On the method of extracting the Square Root of 
Binomial Surds. 

132. Let Vx and \/y be two irreducible quadratic surds, 
then their product A/xy will ahobe an irreducible quadi-^tic surd. 
For, if possible, let \/ry=« where ^ is some ratumal nutnbei^; 
then xy =;%% from which it would follow that the product of ' 
any two numbers must necessarily be a square number ; but 
that only happenswhen the two numbers are the first and third of 
three numbers which are in continued proportion. 

133. Next, let v'^+^y be a binomial quadratic surd, each 
of whose terms is an irreducible surd. If this binomial be 
squared, the result is jc+y +2v'a;y, aqu^tity,one part of t^Kich 
is rational and the other (by Art, 132.) an irreducible surd. 
Let the rational part = a, and the irrational = Vb, then it 
appears that every binomial quadratic surd whose square root. • 
can be exhibited uudeV the form Vx+ A/y, must be of the form 
a-^Vb; abeing a rational quantity, and Vb an irreducible surd. 

134. The square root of a rational quantity cannot he partly 
rcUiimal and partly hrational. For, if possible, let ^/x=^a±, s/b^ 
where v^ 6 is an irreducible surd ; then x=a* 4- 6± 2 aW', and 

^&=: ^""^ " , a rational quantity. But, by the supposition, 
sta 

^b is an irreducible surd^ hence ^/x cannot be expressed under 
the form a-^-y/b. In the same manner it may be proved, that 
the square root of a rational quantity cannot be equal to the sum 
or difference of two other quadratic surds. For, if possible, 

let Vx^'^a^Vb. then x=:a + b±2Vab, and \^ab= — r-^* 

which is impossible by Art. 132. 

1 35 . In any equation, x + Vy = a -f v^6, consisting of rational 
quantities and irreducible surds, the rational parts on each 
side are equal, and also the irrational. For if x be not equal 
to a> let j:=a±7W,^ thefi a±m^^/y=a'\'Vby or ±m+\/y 
=y6, i.e. Vi is partly rational and partly irrational, which 

has 
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has already been proved to be impossible. Iii a similar manner 
it may be shewn, that in any equation Vx+Wy^^a+Vb 
(where j^x and ^a, ^y and Vi, respectively involve the same 
irreducible quadratic surd) Vx must be equal to Va^ and Vy 
to a/A. For if ^x be not equal to v^a, let it be equal to Vmi 
then \/w+'/y='/a+^6, or Vm^Va-^-^b^Vyi but 
since Vh and v^y contain the same irreducible surd, ^/b^^/y 
may be expressed under the formpVy, /• Vm^Va+p^y, 
- which is impossible by Art. 134. 

136. To find the square root of the binomial quadratic surd 
a + n/h. Assume i/a: + Vy= sj ^-^sjb^ then x+y-|- 
2^/«y=a + v/i; .*• (by Art. 134.) aj+y=:flr, and 2^X2^ 
^*Jb\ hence .i:'+2xy+y'=a' (-^, and 4xy=6(J3)j 
subtract (5) from (^), then x' — 2xy+T/*=a'— i, andx— y. 
= ^a"— A; we have therefore^ 

x+y=a 1^ , 2x=g + /J^a*— A,andxT=s^a+j-^ /a'>-.f^. 

x—y-sfa^-by '2i/=rfl-,^fl*-^andy =-|a-§vV-^> 

Hence ;/x + Vy=v^ i«+i^a%^+ V 4«-i>s/«*-** 
an expression which can evidently be of the form sj x + t^/yy 
Only when ^d^—b is* a rational quantity. The square root 
of the binomial surd quantity .a+^Z' can therefore be ex- 
hibited under the form \/x+-v/y o^^Y ^^®" ^^""* ^* ^ 557<a;ie 
number. By a-similar process it might be she wn that the sq uare 

root of fl— >v/6 is N/Ta + ix/a^-^-N/a^""i'N/ «*""*> 
subject to the same limitation. 

Example 1. 

What is the square root of 1 9 + 8 ^^3 ? 

"^'w"i^Q>.^a-*=36l~192=lG9,and^/'?=^^^ 



+ Y/r^=N/»64->^/3 = 4 + V3. 



Ex. 2. 
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Ex. 2; • ' . ^ • • '-- ' ' 
Find the square root of 12— v' 140. ^ 

■l^re<i=12 I ..a«_f =144-140=4, and Vo'-'i=2. 
v/fcsV HOi . : . ' . 

Hence y ^ 0+^ Va^,^-Ay^«ra'N/«'-^='N/6 + '- 

Ex.3. 
Find the square root 6f 3 1 + 1 2 v' — 5 . 
Here a=31 | ., a'-i^sei +720=16Sl,and,/?^t 



z=31 ^_)...a'-6«96l+75 
i=-720 J' 



or b 



/3l 41 „ /— T- ' 

Ex. 4. Find the square root of 7 +4/3 . . Answ. 2 + V^. 

£jj 5 . . 7-2^10 ... -/ir-^-l..: 

Ex.G. ....•• • 18-10^/^---5-n/^- 



m 



CHAP. IX. 



ON 



Ths investigation of thb BINOMIAL THEOREM} 

^ AMD ON TUB 

. EXPANSION AND REVERSION OF SERIES. 



' XjUCVIOUS to the investigatton of the Binomial Th^brtm^ 
it ii ntoessary to explain the manner of finding the nnmber of 
psrmuiations or comhinatkms which can take |daoe amongat 
Usj aet of quantities. 

XLL 

On Permutations and Combinations. 

1S7. By Permutations are meant the number of changes 
wluch any quantities a, ly Cy cf, e, &c. may undergo with respect 
to their order, when taken two and' two together^ three and, 
three, &c. &c. Thus al^ ac, ad^ la, be, bd, ca, cb, cd^ da^ 
dl, dc, are the different permutations of the four quantities 
n, I, c, cf, when, taken two and two together; a be, Mfib, lucp 
lea, cab, cba,at the three quantities a, b, c, when taken three 
and three together; &c, &c. 

198. By Combinations are meant the number of edUectimis 
urtiich inay be formed out of. the quantities a, b, c, d, ey tic* 
taken two and two togetiier, three and three together^ 8co. S». 

A A witlMiM 
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without having regard to the. oarijex. in which the cpiantitieB ait 
arranged in each collection. Thus al*^ ac^ ai^ hc^ bd, cdf 
are the combinations which can be formed out of the^oKr 
quantities a^ ly c, d, taken two and two together; abc^abd, 
acdf bcdy the combinations which may be formed out of the ^ 
same quantities, when taken three md tpree together; &c. &c. 

139. Let there be n quantijties, a, I, c, d, e, S^c, then, hj 
Art, \i7', it appears that there will be (n— 1) permutations 
ih which a stands first; for the same reason there will be 
(n—l) permutations in which //.stands first; and so of 
c, d, e, &c. Hence there will be n times (n— 1) permutations 
of theforfn ab^ac, ad, ae, &c.; ba, be, bd, be,^c.; va,cliy 
cdj cCj &c. ; i.e. " the number of permutations of n ihingi 
taken two and. two w w(« — 1 )/* — 

^ '140. If these n quantities be tak^ three and tfMet&gnBer, 
Ihen ihere will be w (» — I ) («— 2) permutations. Fw if (n^l|f 
l>^ substituted for n in the last artide, then the tiumber^f. fief ^: 
mutations of n— 1 things taken two and /ti/o together ^Inll* be 
(»— 1)(«— 2); hence the number of permutations ofbyCyd^e^kc, 
taken two and two together, ate (/e-^ i ) (^ "" 2), and consequently 
there are (tj— !)(«-- 2) permutations of the -quantities a, b, c, 
-dy €, &c, taken three and three together, in which a may jstand 
hiHi ; for the same reason there are (/^— 1 ) (/i — 2) pfermutatlbns 
in >^ich b may stand first ; and so of c, d, e, &c. The' niimb^W 
6f , tl>e permutations of this kind will therefote amount? ifi 

/l(»-l)<7l~2). • '. 

t". ' ^ • . . - .i 

*" 141. In general therefore it appears, thai if. the nuihti^r bf 
quantities be n, and they are taken m and 7n iogither,' me 
number of permutations will be' n{h—l) (n-r2) &c..'..^..* 
^p^m^ \ ); and if m ^n, i .e. if the permu tntions f^spfect'all 
tJi0- quantities, ^t notice, thetv (i^irice m— >»=0) the numbiir tii 
them will ben(»-l)(n-2) &c....«a«l. Tbu^i tbe^'imubft&irf 
^ *' / / iL pcrmu- 
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permntatioQs which might be fbrmed from the letters composing 
thewprt "v«f/«^'*&re6x5x4x3><2x 1 = 750., ry, 

^ 142« But if the ^me letter should occur any number of times^ 
^en it is eyideaf that we myst divide the whole number of 
jgersQiutatic^Sj by the number of peri^iutatioas which would havp; 
^isea it differ ctU letters had occurred instead of the repetition of 
the sanse letter. Thus if the same letter should Occur twice^ then* 
we ipust divide by 2?< 1^ if it sboi^ld occur thrice, we must, 
^ivide by. 3^2xlj if p Xlpies^ by 1,2,3- .^p; and so for 
any other letter which may occur more thaii.once. Hence 
the general expression for the number of permutations of 
n things^ of which there are p of one kind; r of another; 

r u. ^L O o • »(W— l)(n--2)7l— 3.«..2,1 rri^ . 

a of another; &c, &c. is —^—-J\-—l -_- — . Thu« ' 

^ L2.3..pxi.2.3..rxL2.3..y 

the permutations which may be formed by the letters com- 
posing the wcMrd ^^ easiness'* (since s occurs ihrice, e twice)' 
8.7,6.5.4.3.2.1 ^33gQ^ ^ : . 

1.2,3.x 1.2 , 

143. From the expression (in Art. 141) for finding the - 
number oi permutations of n things taken m andm together^ 
we immediately deduce the theorem For finding the number ot 
combinations "of n things taken in the same maimer. For thjs 
permutations of n things taken two and two together being ' 
n(M— 1), and as each combination admits of as many permu-* 
tqtions as may be made 'by two things (which is 2x 1), the 
number of combinations must be equal to the number of per^ 
tntt^iott^ divided by 2 ; i.e. Che number of combvaatkn^ of 

n things taken two and two together is -^-5 — -'. For the 

same reason, the coTwtiwa^foTW of w things, taken three and three 

together, must be ,equal to 7*> ^"" ' and in general, the 

combinations of a thii)gs taken m and m together most be ecpial. 

^ w(g-ti)(«-2.)..;..(«T->p.-fl). : . • ! • , ■■ '■■ ■ ■- 
:■- "' l,2.3..«.n» 



XLIL , ; 

On the Investigation of the Binomial Th^tm. • 

144. In Chap. III. it was she\Vn, that, by raising Che succie^fvi 
powers of {a + b) \n the ordinary way of multipHcatioii, tlid 
nthppwer i)f a + 4 might be exhibited under the form a +iia*~'6 
,n(n-l) ,„ n{n-.l)(«-2) . ,,3 , . «',./• 
1.2 "*""^ — r2.3"^^~" ■*"^*' .^o'^*«>nTes*5 

ligation of this Theorem^ let us suj^ose the quantities^ ix+tH^f 
(x+i), {:x+c)y (x+rf), &c. inulti|died together^ aa in tiitf 
following Table* 



x+a 

m * ' 

x*+ax 
+bx+ab 

X +c 

af+{a+h)x*+ab.x 

+c.a?+(ac+bc)ic+abc 



a!'+{a + b+c)x'+{ab+ae+bc)x+abc={x+aXx'i-b)(x+e) - • 
x+d 

x*-i-{a+b-hc)a?+{ab+ae-\-bc)3?^abc.x 

+d.3^+(ad+bd+cd)jf+(a bd^acd+bcd)x+abed' 

ii^+i<'+b+c+d)j^+(ab+ac+ad+hibd+cd)x*+{abc+abd+acd+beijx 

+abcd={x+a)(x+b)(x+c)(x+d) 

&c. &c. &c. 

H5. By the mere inspection of this Table, it appeart 
that if there had been « quantities a, b, c, d, e, ktl then th* 
fifst term of the product w6uld be a-; the secotuLPaf^, 
where P=(a+4+€+rf+e), &c.j the thinl |^, where 
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Q^(al+ac+ad+ae+be+id+&c.) I Xht fourth Rsf^, 
iriheteRs£{abc+abd+dcd+ac»+bcd+bce+iic.)iihemth 
iermS^^"^^, where S=^surn of the combinations of any «»— I 
^iUintUifS} &c. &c. j and the product itself would be tx^ 
ptessed by of + Px»** -f goJ^ + Ho;*-'..... + Sx*-^+' . 

I46« Now P consists of the sum of all the quantities a^ b,- 
e^d, Cy &c; the nz^TTifter^f which is n ; Q of the sum of the 
oombiuatioDsof any/t£/oof those quantities^ the numbeif of' 

which (by Art. 143) is ^^^^i^; K of the sum of the com- 

bmations of am^ three of those quantities^ the numtier of which 

is ■ ^ 2^g- — - ; and S of the sum of the combinations of 

any (f»— 1) of those quantities^ the number of which i$ 
fi(w— l)(w— 2)....(n— w+2) 
1. 2 ,3 .... (f»-i) • 

147. Let a=6=c=i=e, &c then {x+a)(x+b)(x+c) 
(x+d), &c. becomes ix+a)% P becomes n.a, g becomes 

^i2^i ii becomes "JlLZ^^a^ ^i S (the coeffl. 

148. From hence it appears that (a?+ a)* = (a;" +PaM 

ritz^ . . . . . . . 

I.. ^.d ..... («i— 1) » 



and (preserving the notation adopted in Chap. III.) we 
have (a+6)-«tf'+»a»-'-A+i^^^:jyLar'6*+ &c. . . . . , 
^ "6»r:Ofa-2) ».r (n-«+2) ^^.^^^ 



U9. Fr«w 



r ,. . . J ♦ • • • f 

182". KX'PANSION OF sxtiiss/ 

149. From the Uispectjon of th\s series it is. ^y^dep^^ ^^^ 1^ 
n he a positive whole mtmlery itwUl ierminate dSi^ {n^^\) 
terms; for let m^n + 2, then ;i— ^4-2=0, and coi>seqi|enliIy . 
the coefficient which involves the factpr (^— f© + ?J vanishes. 
Let wzsTz^l, then n— >fi+2=l, ^~m+I=:0^and 9»— I' 

.^; .-, (>.4 llh) (or i«f) term ts ?(»- ^ ) (»y 2)> y - 84I 

a^i" or .t*. If n htfrattlonal or |Mga^i{;e, the ^jy^ vfiVk ppi 
terminate, and in this case the value of any expanded binomial 
' caQoafy be* expressed in the form of an infinite series. . . ' 

150- If in the series expressing the value of (a+ J)*, for Aye 
ptft -^fr, then those tetms whieh involve the odd powers of i' 
v^iQ he chan^d from + to -- ; Kence ^Ye have^ 

^ - • 2«v' 

■ ■■ " '''' ^ ' -. ■ , — ■ — ^ * 

.•.byaikfi4ie«,(«+i')"+(a-i)''=2a»+ra{n-l)a"^i*+&e. 

ori(a+A)»+4(o-i)-=a«+^^)a'"J'+&c. " 

' 15l/Let ac=l* i=l, then (a + J)^=(l + l)»=:2»; and 
siiyie the several jpowers of a and fr are, in this case, each of 
tiiem «qual w I, we have 1 ^V^^(^-l)^«(«-l)(«-2) + 

*fcc, =2% i.e. the sum of the cqej^cients (fihe nihr,pouf^\ 
of any binomial , is equal to that power of 2 whose index 
is n. Thus, jfor t^he ^^^wa;^, l+.2+L^4==2*; for the. 
cube, i+3+3 + i=8=2's for the/ctf^Mpower!> 1+4 + 6+4 

+ 1 



' *' ' '' , . 

4.1ssl6ss2^; &C.&C. If a=:l^ isl, in theexpreMioo 
(o*^i)*, then (t— 1)"=0, which shews that the sum "of the ' 
positive coefficients of (a— I)* is equal to the sum of tb» negaHtm^ 

<^€S, 

XLIIL 

On the Expansion of Series. 

152, It has already been observed (Art. 149) that when n is 
a negative number or sl fraction^ then the series expressing the 

value of (a+iy does not terminat«. Let n=->^. and substitute 
^for w in the series (Art. 148); then 

V--* V 2 - 2.3 

a" *»+&c, . ' ^' 

"^"7^ W"^ "^^2? Uv"*" 2.3.f^ 

_-?/i ,f>^(.h . Mm-r) /b\ OT(TO- r )(OT~2r) 

w)udi 18 a general repression for finding the approximate yuiue 

of 



I ■ -T 



i,* } Tliii lerles n dcrlfcd from tbe preceding one, by resolving the p«wen' 
X,ui ;$s^f X ^^^*- ^ ^^ Articles at the end of Cl^ap. 111. 
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m 



of apy binomid surd quantity,^ being' either posittve or xie« 
gatm^ and its and r any whole numbers whatever /•> 

Exam. 1. 

Knd the approximate value of ^yT'+j? ^r c^+ai^i f 



Here asz(^ 

. r=aj 






,2/ VSV- 2.3' Uv S%?' 

in(w-r)TOT-2r) /yv ^ l(l-3)(l-6) yj». _. 5a» 
■ jT^? V?/ 2.3.3" \W~3\?' 



&C. =s &C. 



H.^^^W=«(,+g_-j+^^.&,). 



Exam. 2. 

Knd the value o f ; ^ - or ,-5 =-- or c?{c'+«') 

1 



i -i 



Here aszc*^ 

,|B= — 1 

ri2 ; 

2r* V^~ 272^ V?/-2».c*» 



_ c 
^/^\— _^/* \ — — ■*' . 

;w~ 2Vcv~ 2?' 



' . OT(OT-r)(ro-2r) /6\ -U-l-2)(-l-4)/ x\_ 5af , 

Tie^M 



£c.=3&c. 



(*) The proof of the Bioomial Theorem, as given in Sect. XLII» focs* ' 
upon the supposition that n is some positive whole number. To profft 
the truth^of this Theorem when n is neg'ttHve or /radionai^ requires a spe- 
cies of analytical investigation not well adapted to an £lementafy Treatise. 
For a reneral demonstration of it, the Reader is tlierefore rtferred to^ 
BoNiiTCASTLB*s ^(fe^roi Vol. II. pa§c 169. 
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Henc.(.-+a^)-*=l(l-^.+|^.-5^V&c.) 
and -4=.=^(l-^+|^;-^+&cA 

. Exam. 3. . 

Find the value of 7-^^ — r, or (c+x)'^ in a series. 
{c+x) 

Her^4i=:c ) . fl? -./?-«- 1- 

. bssX [ c 

«»=— 2j TO.6x 2x^ ^ 

rssi )■ r\a)~ c ' 

m{m^r) (l\_ -2{-2-\) fx\_5j^, 
— 2?~V^ ~~~2 VcV" c' ' 

' 2.3r» ^aK ^^X"^ v)" ""? ' 

&c..=8cc. 

Exam. 4. 

« 
Find the value of (<?'— a;*)^ in a series. 

Here a=c* Is ' 

■ "" OT(w-r) xyx"_ 3t3 - 4) /x\ 3x* 

— IT^VaV" 2.4' VcV 2'.c« 
m(m-rMm-2r)yP^_ 3(3-4){3-8) /T\__ 5x\ 
2.3r» :(.«•/" 2.3.4' V?/" 2^?' 

&c.=&c. 

, BB 153. Now 
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153. Now letm=l, then {a + b)^=z{a+b)7^^a + i; 

m r 

and a7s:^a; hence the series in Art. 152 is transformed into 

Let a==l, i=l, then 
,/g-i , t + '-^ (^-r)(l-^r) (\-r)(\-ir){l-3r) 

n/^-i+;+-27-+ — 2:^? ^ 2iA:;r — 

+ &C. (B). Thus ■ . " 

If r=2, then ^2=1 +|-^.+ » -i,+7 _3.7^^1 ^^^ 

9 ,/o 1 ■ 1 1.5 2.5^2.11 2.7.11,- - 

&c.= 8cc. 

By means of the series marked (A)y the rth root of many 
other numbers may be founds if a and fr be so assumed^ that 

ft is a small number with respect to a, and j^a a, whole 
number; thus^ 

XX AMPLE 1. 

Let(Z=4, i=sl, r=2, then ,^a=Ay4=2, and we have 
-/4 + -l=V5=,2(l+l,-l + i-.-^A+&c.). 

Exam. 2. 
Let a=8, i= I, r=3, then '/fl^^ '/Bss^, and we obtain 

Exam. 3. 
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Exam. 3. , 

Let a=8, 6=3 —25 r=33, then - = —-^ = — -, and we have 

a 8 4 

The several terms of these series are found Vy substituting for 
a, by and r their values in the general series maiked (A) or (B), 
and then reje9ting the factors common to both the numerators 
and denominators of the fractions. Thus, for instance, to find 
the seventh term of the series exhibiting the value of \j2y 
we. take the 7th term of the series marked (jB), which is 
(.-.)(.-.2.)(l y)(I-4r)(l-5r). ^^^ .^^ ^^,^ ,^^ 
!c .0,4.5 .or 

fraetion is — -—^^ g-= — _^^ =f for -=-\ 

2,3.4.5. b.2V 2.4.6.2^ \ 6 2/ 

3.7 3.7 

— ■ ' ^ = — -^. To find the 5 th term of the series express- 

ing the approximate value of ^Q^ we take the 5th term of the 

general series marked (A)^ which is V ""^^V T ^l '"" 
^ , , ^ '^' 2.3.4 r* 

(— ), where a=8,. i=I, and r=3; .'. the value of the 

2.5.S /i\ 2.5 2.5 



, . . 2.5.S ^\\ : 



2.3.4.3* ^8V 2.3.4.3*.8' ;i.3\8.8' 

2:5 



In this manner each term of the several series is cal- 



3^8* 

culated; and the law which they observe is, that the mimeratoj's 
of the fractions consist of certain combina^:ions of prime numbers, 
and the denominators of combinations of certain powers of 
a and r. 

154. These series converge very fast, so that a few terms 
w^ould give the rth root of certain numbers with a great degree 
of accuracy. But a more practical method of finding the higher 
roots of such numbers, is, by mailing tl^e number whose root is 

to 
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.to be extracted equal taa'' + i, and then assuming a+x^ 

Va^^b^ x being some decimal fraction; fqr in this case (fi+sY 
=:a'+6, and by expanding (a + xY and neglecting all the 
povyers of x after x^ (being very small compared with the pre- 
- ceding ones) we have 

."• ra^^x+r\~--ja''-^x*s=b '{A) au equation 

from which the value of x may be found in two ways. 

(r— 1 

u \ . 2ax 2b 
we have x -r — - = rr^^ 5 

and by solving the quadratic. 






Hence ^a'+i=.a+.=r_2,^^^.^^^ 

which is Hajxbx's Rule, (Philosophical Transactions^ 1694), 
II. Fromequation«{-4)wehavex^ra'~'+r/.-^^a'-*j;^=:i, 

\a+ xy 



• • vC— - 



r— 1\ ' ra*^^ 



By a jfr5/ approximation, neglecting the term which involves^, we 
, b h 

have x= — -^ • substitute this value for x in tlie fraction > 



ra*--*' 



ra' 



0+^-^: J' 



and we obtain a second approximation which 

gives 
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gives x= — — ^ 



c^^^^i^y 



b 



""^^«'+^="»^-^=°+r^^/^ r^2i b C \ i which « 



G+T7 (A)) 



the Rule given by La Croix {CompUmens d'jilgihre), void 
ascribed to Lambert, 

• Exam. 1. 
Find an approximate value of the cube root of 67- 
Now 67 = 64+3=4'+3; .'. a=:4, i=3, r=3j hence, 

by the Jirsl method, a+x=5a + Y/ ^ — h^; or ^ &J^ 



2+\/^M= 



2+2.0615=4.0615. 



Exam. 2. - 

Find an approximate value of the fifth root of 30. 

Here 30=32- 2= 2*- 2 J .-.0=2, 6= - >, r=5j hence, 

l\ ^ 

or 
1 ^ lOa*-^ 



bythe Mconi^ methodj a H-x= a— —^f ;- j 

^5'«»=2-iG-4)=^-[l7=.TlT='•''^^'• 



- ^ The method of finding the rth root of certain numbers as 
exhibited in this and |he foregoing Article, is a matter rather of 
curiosity than practical utility, as the rth rpot of any number w hat- 
ever may be found with great facility by n\Qa.ns of LogcTfi/hms. 
This method wouid be useful, however, in .an operation-whcre it 
was required to express this root in the form of a vulgar fraction; 
as in the last Example, where weobtained the approximatcvalue 

810 
of the 5th root of 30 in the i^hape of the fraction *-— -. 

^ XLIV, 
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XLIV- 

On the method of approximating to tJte Powers and 
Roots of Numbers wJiose Difference is small 

155, Let a'{-x and a be two numbers whose difference is x, 

n{n-'\) _ Q . w(w-tl) (71-^2) 

fl-« j;' + &c. : a* :: (dividing each term of the ratio by a"-») 
^ n{n^\) {x\ , n(/^- l)(7g-a» /^n , . 



156. Suppose now that n is not a jarge number, and that x 
ifi very small when compared with fl, then the fractions __, ^, &^. 

will be small also, aud those terms in which they are involved 
will be verv small when compared with the integral part a + nx 
of the series; in this case, therefore, the ratio of (a+x)" : a* 
approximates to the ratio of a-^nx : a. Thus the ratio of 
(a-fx)**- a' approximates to the ratio of fl-f 2.r : a; of (a4 a-)' 
: c? to the ratio of a + 3a: : rt; &c. &c,; or if «i=|, p, &c, 
then the ratio of si^a + x : a approximates to the ratio of 
a + ^x : a; of ^ a-\-x : a to the ratio of fl + yX : a; &c. &c. 
For instance, the ratio of the square of 501 to the stfuare of 500 
(in which case, a=500, x= 1, 7Z=2) is 502 ; 500 very nearly ; 
the ratio of the cube of 62 to the cube of 6 1, is 64 j 61 very 
nearly; fee. &c. Again, the ratio of the square 'root of 501 
to the square root of 500 is 500^ : 500 ; and of the cule root 
of 103 to the cube root of 100, is 101 : 100, very nearly. 

157. If the difference between the tv\'0 numbers is not very 
small when compared with the numbers themselves, then the 
three first terms of the series must be taken instead of two^ in 
which case the approximate ratio of (a + xY : a" becomes that of 

a + nx+- ^ •-(—/ • <^« F^^" instance, let it be required to 
2 -a 

find 
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find a near approximation to the ratio of ^ 1 1 : ^10, then 

atsrlO, x=Bsl,7i=sg, and the approximate ratio becoimies thai 
o 

""^ ^^"^S^^ • ^^' orof ?52+^?llll : 10, or of 929 : 900. 

By the Theorem in Art. 156^ this approximation would be 
lOf : 10, or 31 : 30, i.e. 930 : 900. 

XLV. 

On the method of extracting the nth Root of a 
Binomial Quadratic Surd. 

rSS. Let x+v>/y beany binomial quadratic surd, in which 
x is a rational quantity and ^t^ an irreducible surd, then 

{^ + ^yy-^'''^nx^'syy + n.^^x*-^y+n.^^ 

x'^y\/y+ &c. (P),. Let the sum of the rational terms in the 

series (P) be equal to a, and of the irrational^pKj y^sz 

' (Art. 121.) >yp'y, which may be expressed in the form ;y/ A, 

^ h being a quadratic surd containing the irreducible siird^y. 

ttence (a;+^y)''=a + V *> and >/«+x/*=^+^/y5 »^ 
therefore, the Tzth root of a quadratic surd of the form a -f- \/ ^ 
can be extracted, it may be expressed under the form a:-f y^y, -^ 
whether n be an odd or even number. , 

159. Let V a;-f V 2/ l>e a binomial quadratic surd, in which 
^x and ^y are irreducible surds, then {^.f x + is/yY^ 

If w be an even number, then the 1st, 3d; 6th, &c. terms of th« 
series (g) are rational, and the 2d, 4th, 6th, &c. irrational, 
and (x/a;-f ^/yY may (as before) be expressed under the form 
a+.^i, where^/i is a quadratic surd containing the irre- 

ducible surd a/ y. Hence {Vx + Vy)" = a 4- ^*> or '/a -f \/lf 
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rr^/x+Vy ; and, if the nth root of a+j/b can be extracted 
it may be expressed under the form -v/x+v^y. 

160. If n be an odd number, then -, —^r—^iccBieJraethns, 

, 71-11 71 — 3 ^ ^ 

and —2^^ ""2^^ ^^' «^AoZe numbers; hence the 1st, ^d, 5th, 

&c. terms of the series (Q) will be surd quantities involvingVx, 
and the 2d,' 4 th, 6th, &c. terms, surd quantities involving j^y ; 
the series may therefore be expressed under the form pVx+g/^y 
= Vp"x+v/9V^ or ynder the more general formv'^+v^i, 
where y^a and Vb are quadratic surds involving the irreducible 
surds \^x and v'y respectively. In this case, then, ,(\/x+ Vy)* 
sz^a-]~j/bf or „y Va-f ^A:=-v/x+Vy; and consequently, if 
the 71th root of /^a+^b can be extracted, it may be expressed 
under the form v^x+Vy. 

161. From hence it appears that the nth root of a + b may 
be expressed under the form x+Vy, whether n be an odd or 
an even number ; that the nth root of a+Vb may also be ex- 
pressed under the form -v/x+v^y, when n is an even number; 
but that the nth root of ^a-f v^&can be expressed in the form 
of a binomial quadratic surd only when n is an odd number, ai)d 
then under the form y^x + ^y. 



162» Suppose now that^a-f \/^=x+^/y,thena+v^i= 

(x4-v/j/)"=x^4-wx'^Vy + 7i.^x'^y+n-^— .^^^ 

' * n— 2 

y\/y + &c. ; .• . by Art. 135, a= x* + w. --— x""*'^y + &c. and 

V'i=wx*"Vy +«•-—--• T— '^"^^\/y4'&c.; hencea— v'i 
=x"— nx"-Vy + yi.--^x*^y-*n.--^.— ^j/^-^yv'y-f'te. 



= (x--i/y)",or v'a — ;v//;=x— ^y; from which it appears that 
if V « + v/*=^+Vyj then will >^a— -/6=x— v'y. 

163. Let 
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163, Let ^ ^a-^Vb^z^x+Vy (» being an odd numWr>, 
then ya+\/b^{\/^x+Vyy^x'^+nx « \^y+n.-—x « y-f 

«. -TT— — 5^J?~2/\/y + 8cc. J hence by Art. 135. (since v^a is 

^ quadratic surd involving ^/^^ and v^i a quadratip surd in- 

» . 71— 1' ^tiS *— t 

▼olving -v/y) ^/a=x 2 +«.-— -x* y+&c,and^i=nx « v/y 

,+«.-5-.— ^x « yvy+&c.; /. A/a— \/i=xB — »x * Vy 

or ^ V'a— V't— i/ar— //y 5 from which it follows, that if 
*y Va+Viss \/x + v^y, then ^ i/a-^i/i = v^a? — i/j * 

164. Suppose now that A+B is a binoftiial quadratic surd, 
one or both of whose ternis is irrational, then, from what has 
beeii shewn, it appears that if A and ]$ are both irrational, the 
nth root of A+B can be extracted dnly when n is an odd 
number ; but if ^ be rational, then the n th ropt of ^ + J3 may 
be extracted, whether n be ai^odd or an even number. In the 
following Rule for extracting the nth rootjof A+B, the two 
terms are supjposed to be so arranged that A is greater than B; 
and it consists of two cases, depending upon the value of 

Case K 
When wi*— B* is a complete nth power; i.e. when-^— B 
=«' or >/-d(*— jB*=«, « being some whole number. 
Assume a^ u4-f-^=\/x+\/y (iZ), 
then (by Art. 163) j^ A-B=:Vx-Vy (S) 5 



/. ^A^S^ («)=x-y. 

cc \ By 
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By squM'ing equation (jft) s/ j€ + ff-{-2AB=-x-\-y^:2Vxy, 
equation (S) \/ A^'^E--2AB^x+y-2^/xy\ 



' .'. -^^'» + fi' + 2^fi+x/^' + 5'-2^5=2x+2y=some 
whole number. 



Now let ^ A^-^-ff+^AB in the nearest whole number 
=^p+f (/being a proper fraction); 

and let ,^ A^ -\- B^ —2 AB {q being a whole number, and/' a 
proper fraction) = q -\-f'» 

Then\^A'+B' + 2AB^^yA'^B'-2AB^p+q+f+f= 
2x-f 23r= a whole number, /. /4/'=0,(*> or/'ir — /; 

whence, if p be the nearest whole number less than 
^^/ZfT^T2ABf2ind qthe nearest whole number^rea^er.th«in 
^A'''\-B^-2AB, the integral value of \/ A' + B^'i-2AB+ 
j*/A'' + B'-2ABWi\\ be p + q y let pr\',q-ty then 

. 2x+2y=^orx + j/=|/| .•.2j;=f ;+«,andVx=fv7+2i, 
but^-2/=« J 2y=§^-«,andA/y=^V7^::2;. 
Hence \/^±B:=^Vx±Vy^\s^ tJt2ct±l^t-2^. 

Case II. 

When ^— JB* is not a complete nth power. 
In this case let C be so assumed as to make A*—B^2l complete 
nth power, i.e. let (-4'-J3')C=«», or s/ {A'-R)C=a; then 

assume 



(a) SiDce p and jr are both positive ivhole numbers, SLudfff are proper 
fractions, there is no other supposition which can make/>+g+/+/' tiwhole 
numbcTy but that of/H-/* being equal to 0, ory=:— /; hence itp+f be 



the real value of V^-i-jB'+S^^, jr-/ will be the real value of 
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assume ^(A + B) ^. C= ^x-\r Vy, or ^'2+5=^^'''^^' 



or ^{A'-B')C{<c)=x-y; and, 



From which we deduce^ as before. 



Exam. 1. 
Find the cube root of 26+ ISv'S. 
"*''^;^"j|^3}.-.^-B'=676-675=l, and ,.= 1. 

^ ^+B'+2.3B= Ay 676+675H-780^3 =13+/; 

^^+B'-2^J3=^67e+675-780^3=l-/j 
.•:<=13 + 1 = 14. 

Hence ^1i+B= ij t+2»-\-^J t-2»=:U 16 + f ^ 12 
=2 + ^/3. - 

• Exam. 2. 

Find the cube root of 9^3 -11^2. ' . 

Here ^=9^3 1 .^_^^243-242=l, and »=1, 
jB=l W2^ • V 

<:^'A'+B'+2AB= ^243+242+198^6 =94/, 

^^'+E''-2^.B= ^243 + 242-198V6=l-/. 

Hence <=9 + 1=10, and ^^i + 2«-t^/-2»=t>^12- 

' ' , Exam, 3. 
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Exam. 3. 
find the cube root of 8+4^5 or 4,^5 + 8. 
Here^=:4>y5 1 .-. Jl*— jB*^80-64=16,whichisnotacttte 
J5=8 -* number, and the least number which mul- 
tiplied into it will produce a cube number is 4,^*^ /. C=4, 
and (-^•^jB')C= 16x4=64 5 hence «'=6i, and«=:4. 
'Now ^ {A'^B'+2AB) C= ^(80+64 + 64^5)4 ==: 10 +/, 
'^(^•+jS'-.2^5)C=>^(80 + 64-d4V5)4 = 2-/j^ 
.-.^=10+2 = 12, 
and >/^+2*+v/^~2^ _ i/20+4/4 a/5+1. 
2^ C 2^4 - ^2 

Hence ^'/4^/5 + 8= v/5 + 1 . 

(•) In finding the /wis* number by which a given number (a) rouftt be 
multiplied so as to give a product which shall be a«omplete nth power, it 
may be observed, that if a be a prime number, it must iilways be multiplied 
by a*'* ; (bus, there is no other number by which 3 cau be multiplied to 
make it a cube number, but 3^ or 9, which gives ihe prqduct 27; nor is 
there any other number by wliich 5 can be multiplied to make it vihiquadraie 
number, but 5' or 135, which gives the product 625. But if the given 
number is resolvable in]Lo factors, one or more of which are square^ eule, &c. 
numbers, then a less number than a*"^ will answer the purpose. Thus 
12=:3X4=3X2'; and if 3x2 be multiplied by 3"X2, it gives 3'X«», 
which is the cube of 3 X 2 ; i. e. if 12 t)e multiplied by 18 it gives 216 the 
cube of 6. Or iu general, if the given nunber^a) be resolvable into facton 
«, /3, 7, &c. such that a==«"* P^ y^ &c. then if this number be multiplied 
by «*^ fi*^ y"^ &c. it gives «■ /3" y? Ac. which is the nth power of 
afiy&c, Thus360=8X9X5=23X3'X5; here m=3,;»i=2, jrrsi j 
and if it be required to find a multiplier which shpuld make it a liqttadraie 
number, then n=4, /. n— m=l, n— p=2, n — ^=3 ; hence the mul- 
tiplier is 2 X 3* X 5jr= 2250. and we have 360 X 2250= 8 1 0000, which is the 
fourth power of 2 X 3 X 5 or 30. If one or more of the indices m,;», 7, ftc. 
be greater than n, then, in finding the multiplier, such multiple of n aliBt 
be taken as to make the indices of all the factors in the multiplier jMftlnye/ 
thus if m be greater than n but less than 3n» then the multiplier to be taken 
U ««•• ^"^ y^, wWch ^ves for th<8 product of it and «** ^ y* the quan* 
titTa'"0"y', whicbiBthenthpowerof«*Ar. v. 
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XLVI. 

On the Comparison and Reversion of Series. 

Our observations upon the ^' comparison and reversion of 
' series/' will be confined to such as are of the {ormax+bx*+cs? 
+ da^ +ex^+&ic. referring the Reader to the 1 0th Chap, of the 
2d Part of Maclaurin's Algebra, and to other authors who 
have written upon the more advanced parts of the science^ for the 
furthef illustration of the subject. 

165. Previoustothe reversion of this series^ it will be necesusary 

.to shew the manner in which it may be raised to any power (n). 

This is done by separating the first term from the rest^ and then 

-applying the binomial theorem to the involution of the series 

so transformed ; thus 



i(ix+bx*+cj?+dx^+icc.y=ax+{bx*+ca?-{-dx''+8ic.JY 
!s:craf+ndr-'af^{ba?+cx^+dx'^'hiic.) +^i2^^a"-*x»-» 

{bx^+ca?+kc.y+kc. 
-a*aft^na'^'x^'(bx*+ca?+dx*+&cc.) + ^!^^^^ 
J (iV+26cx*+&c.) + &C. ' ' 

We have here found only the foiir first terms of the involved 
series^ but they are sufficient for our present purpose. 

166. Letax+bj?+C3i?+dx*+ice. and «x+i8«'+yx'+ 
x*+&cc* betwa series of this kind, in which a, b, c,d, &o. 
•> fif Vi h ^* ^^ invariable coefficients ; if these two series be 
equal to each other, then will a=s« ; b^^ ; c^y \ dssi ; &c* 
For, let the terms of each series. be divided by x, then a+bx+ 
cx*+rf«*+&c,3s«+i8x+rx'+?a?+&c.; and since x may 
vary through all degrees of magnitude whilst the coefficients 
, . , remain 
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remain constant^ let a;=0, then a=«; but a and « are inva- 
riable quantities; if therefore they are once equal, they ^will 
always be equal. Again, since a=«, we have 6jc + ca:* + <ix^ 
+ &C. =/3jc+yx*+^Jc' + &c.; divide each side of the equation 
by x, then t + ca?+dA;'*+&c.=^+yx4- ?x' + &c.; let x=0, 
then i=^ ; and so we might proceed till all the terms of the 
series were exhausted ; we therefore infer, that when these two 
series are equal to each other, a=»; i=i8; c=y\ d=^; 
&c. &c. 

167» By transposing the terms of the equation ax + bx^-{^ca? 
+ da?*+&c. =«x-+r/3a;'4-yjc'+^a7*+&c. we have (a— "«)x+ 
(i— ./3)x'-f (c--y)jr'-f (d— ^)a;^+&c. =0. Now whatever is 
true in the original equation, must also be true in the transposed 
equation ; but it has already been proved, with respect to the 
former equation, that a=«3 ^i=/3; c=y; d=^;&c. ; hence 
a— »=:0; i— /3=0; r— y=0;d—?=0; &c.; from which it 
f6llowsthatinanequationoftheform(a— f6)j:+(J— iS)x'*+(c— y) 
x^-f(^—^)x*4"&c.=0, whose coefficients consist o{ positive 
and negative quantities, these coefficients must all become equal 
to at the same time. 

168-. Suppose now thatx'=:ay + iy'4"Cy'+cij/^-f-&c. and 
that it is required to find the value of y in the terms of x. 
Transpose x to the other side of the equation, then ay + by"" + 
cy^ + dy^+&£c.'-x=0. Assume y=«x+/3x'4-yx'+^^* + &c.; 
and finding the value of the successive powers of y, by Art. 165^ 
we have 

ay ^aax-^-afix^ -{-aya? +a^x*4-&c. 

_L./ii5V*-l.A/n J' 



cy^zsz .... t:<»V + 3c«^/3a;*4-&c 

dy*=z d«V4-&c, 

&c.= +&C. 

— x=— a; 



^ — 



=0. 



Hence, 
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» 

Hence^ by Art.167^ « *-- 1 ==0, or « = - ; 

a 

' a a 
ay+2i«/3 + c«'x=0, ory= ^- ;?= § — ; 



a3-h2^«y+i/3'-t-3t:«"^+(it*=0,or?=- 






&C.=:&C. 

Substitute the values for tty /3^ y, ^^ &c. then 

^ a or or a} 

andifa=l^or a:=y + iy*.+ c2/'+d3/*4-&c. then y=a;— ix*+ 

169. In the following chapter it will be shewn, that if x be 
the logarithm of the number 1 +w,x=n— gn'+fn^— |w*+&c.; 
suppose therefore it was required to find the number in terms 
of the logarithm, i.e. to find n in terms of x, then comparing 
,the equation a;=s72— |w'+-|7i'— Jw^+fcc. with the equation 
x=y+%'4-C2/' + dy*+&c. and substituting 71 for y in the 
equation (A), we should have n=d:— ia:'4-(2i*— <?)«*— 

(56^— 5ic+d)a?*+&c. where i=— ^ c=-, d^z—^^ &c.; 

Hence— 1=-, 

2 * 

^* ''-^ 3~2.3 
/e/j Kl'~.'^^ 5 5jl 15-20+6_ 1 

&c. = &c. 

•••."="+l'+2^+2:t4+^"' 

andl+n=l+.+|+J^3+^+&c. 
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CHAP. X. 

ON LOGARITHMS, 
AND SUBJECTS CONNECTED WITH THEM. 



XLVII. 

Definition and PropMies of Logarithms. , 

170. In the tmp following series of quantities, a% u^j a'" 9 
af^\ &c. {A) 5 x^ x\ Xy x'\ &c. (J5) ; where a is some given 
number greater or Ifess than unity, and x^ Xy x", x", &c. any 
variable quantities whatever, the several terms of the series (B) 
are called the logarithms of the several terms corresponding to 
them in the series {A). Thus if 0*=!/, a'^^^y'y a"*^y'j 8cc. 
then a;=log, y ; a?'==log. y'3 jc'=log. y'\ &c. 

171. In adapting the series {A) to the numbers 1, 2, '3, 4j 
5, 6, &c. the given number a must be greater th^n unity, the 
first index x must be equal to 0,, and, the several indices x^ x\ 
x\ &c. must keep continually increasing. For in this case, since 
(by Art. ^8.) 0**= 1, this series will increase from 1 to infinity; 
and by properly adjusting the values of x, x\ x'\ &c. it is 
evident thkt the several quantities tf^, ,a*^, a*'", &c. may be 
made to coincide with the numbers 2, 3, 4, 5, 6, 8cc.- For 
instance, let a=10j then (since 10*= I and 10*= 10), the 
indices of 10 which would give 10^, 10^, 10*"', &c. equal to 
the numbers 2, 3, 4^ 5, &c. must be fractions between and 1. 

Take 
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Take for example the number 5. Now 10^= v^IO*=>y 100 
=4.64 ; from which we infer^ that a fraction (x) somewhat 

2 
greater than ^ (s. 666666, kc.) being made the index of 10^ 

would give 10"=5 ; this fraction is found by calculation to be 
.*6989700; hence 10 -.^^^^^ =5; i.e. when a= 10, the loga- 
rithm of 5 is .6989/00. 

172. From hence it appears that the logarithm of any given 
number will depend upon the value of a, and that different 
systems of logarithms would be formed by assuming it equal to 
different numbers^ but that (since a^= I ) in every system the 
logarithm of one would be 0. This constant quantity a, from 
whose powers the natural numbers are formed, is called the ia^^ 
of the system to which it belongs. But before we proceed to 
calculate a system of logarithms, it will be proper to explain 
aome of their properties. 

173. Let iV and n be any two numbers belonging to the 
series (A); let iV (for instance) =:a», and #^=0*""; then 
JV^»=a"xa'""=a*+'""; but by Art. 170, the logarithm of 
.a«+»"" is x-^xT, .*. the logarithm of JVn=a:+x"^'=log; a'+ 
log. a"'" rrlog. ^+log. n. In the same manner, if », n', 
«", n'", &c. be any set of numbers belonging to the series {ji), 
it might be shewn that the logarithm oiniM'n'", &c. =:Iog.n 
•flog, n'-f log. »"-f log. n'"-f &c. ; from which we infer that 
^^ the logarithm of the product of any number of factors is equal 
to the sum of theiriogarithms/' 

174. Again, —^-^ssa*^'""; but the logarithm of a*-"'" 

N 
s= x—af'*' ; .• • the logarithm of =ix— x"" = log. a* — log. a """ 

n 

ssbg.iV— log.w; from hence it appears that " the logarithm of 

*' the quotient of any two numbers is equal to the difference of 

*^ their logarithms ; and that the logarithm of d^fracticnr^ \ 

P D " 18 
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^^ is equal to the logarithm oHtsnumerctor minu^ the logarithm 
*' of its denominator/* If 2V" be less than », then log. JV— 
log. n is negative ; consequently the logarithms of all proper 
fractions are negative quantities. ^. v.. 

175. Let JV==a'be raised to the «2th power,then N'^^a^'; 
but the logarithm ofw^'^mx; hence the logarithm of N=fnx 

m 1 

==w.log.a'=m. log.iV^; for the same reason, since ^ N^N^ 

* */ .jc loff i\r 

= a«, the logarithm of w iV= — = -^^-^^ — ; from which we 

mm 

ihferthat " the logarithm of the with power of any number is 

" found by multiplying its logarithm by m ; and of the mth 

*' root of any number, by dividing its logarithm by ?».*' 

176. If the series (A) consists of quantities of the form a% 

o", a", a*% &c a"', then the corresponding terms of the 

series (JB) are x^ 2x, 3a?, 4Xy &c.....72x; i.e. ^^ if a series oi 
^^ quantities be in geometrical progression, their logaritlhms will 
" be in arkhmetical progression.*' 

XLVIII. 

On the Method of finding the Logarithm of any given 
Number. 

177. Let a* express generally any term of the series (^), and 
let the corresponding number be JV", then a'^N. To find the 
logarithm of JV^ is merely to solve the equation a^^Ny where 
X is the unknown quantity; for this purpose let 03=1 +6, 
and 1V= I +w ; then (1 -4-4)'= 1 +» ; extract the root y of 

each side of this equation, and we have (1 + t) y=r (1 +«)"?; 
.'. by expansion. 
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OP 1 

Now suppose 2^, to be indefinitely great^ then will - and -^ 

if. if 

X V 
yanish with respect to — 1, —2, &c. so that - — 1 and 1 

y y 

will be each equiEil to — 1 ; ^—2,- — 2, each equal to —2 ; 

&c. &c. ; hence^ rejecting 1 from each side of the equation^ 
we have 

?(6-li'+i6'^i6*+&cO = -(n-in'+Jn'-r*«*+&c.) 

y y ' 



J Since 






. 178, Let (a~l)-|(a-.l)'+i(a-l)'-&c.=M. This 
quantity (M), which depends upon the value of the base a^ is 
colled the Modubis of the particular system of Jogarithms to 
which it belongs. But before we proceed to the calculatiou of 
the logarithms belonging to any particular system, it will be 
proper to shew the manner in which the value of x^ as deduced 
in the last article, may be expressed in terhis of a converging 
series; for the series w— 5»*+J«'— in^ + i7«*— &c. will not • 
converge, when n is any whole number greater than unity. This 
may be effected by means of the following process, in which JUT 
is substituted for the denominator of the fraction ; thus. 

Log. (I +n) =^(«-in-+^«'-^»'+l«'-&c.) [C]. 
For 71 put— w, 
then log. (l-n)=;j^(-«-4«'-5«'-5n*-gn'-&c.)[D]. 

. Subtract [D] from [C], then log. (1 +«)— log. (I — n) = 

Now 
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i+_L 

Now let «=_|_ , then]-tl5=-_£zi = JL_. 
N~\' 1-ra , 1 N-2' 

Hence, by substitution, 

which is a series that converges very fast, when JSTis any number 
greater than 2. 

XLIX. 

On the Method of constructing a Table of Logarithms. 

1 79. Before we can proceed to calculate a table of logarithms, 
some value must be assigned to M. Since a may be arbitrarily 
assumed, let iti)e so assumed that (a ~ 1 )— Ka— 1 )' + J (a— 1 )'— &c. 
' or M shall be equal to 1. As'^iV^ must be greater than 2 
(Art. 178), we cannot immediately apply the series for 
log. iVto the finding of log. 2; but the logarithm of 2 may 
be found in the following manner ; let JV=4, then 

Log.4=log. 2'=2 log. 2=(for M=l)2(i + 1+ Aj+&c.) 

+log.2: 

.-. 2lQg.2-log. 2, or »og-2=2(i+J;+^+&c.). 

Having the logarithm of 2, a table of logarithms, in which 
M= I, m^ be constructed in the following manner: 



Log. 



Log. 

1 =*0 

2 =2(-+i+g^+&c.to7terms) . . .» =0.6931471 

3 =2(|+g~5+g^5+&c. to 10 terms) +log. 1(0) . =1.0986122 

4 =2 log. 2 . . . .\ , =rl>3862942 

^ ~^(4+3:?"*'57'^^^'*^^*®""^)-*"^^S-^ ••• =1-6094S78 

6 =log-3+log.2 ' =1.7917593 

7 '=2(-+^+g;jp+^7)+log.5 =1.9458999 

8 =Iog.4 + log. 2, or log. 2^=3 log. 2 ....... =2.0794413 

=log-3'=2log.3. . , . . • =2.1972244 

10 =log. 5+log. 2 =2.3025849 

&c»=&c i . . . =&c. 

- In this table, the number of terms mentioned in each case 
are sufficient to make the logarithms t^ue to 7 places of decimals. 
The logarithms here calculated are called Napier's logarithms, 
from the name^ of their celebrated inventor ; ' but they are at 
present more commonly known by the name of Hyperholie 
logarithms, on account of their application to the quadrature of 
the equilateral hyperbola. 

1 80. To find the value of the base a of this system, we must 

- have recourse to the series [C] in Art. 178, in which, mcdLing 

log- (J+w) or logi A'=/and Af=l, we have, /=n— lw*+J«' 

— in*-f&c. and reverti/ng t\i\& series by Art. 169, (putting/ 

fw x) we obtain, \+n or JSr=l+/+ir+^(/') + 2yj- 

(/*) + &c. Let /= i, then the number wh6se logarithm is T ' 

(i.e.a)=l + l+i + i^H^2l^+&c. ==2.71>28l^ The 

base of this system of logarithms, therefore^ is 2.7182818, and 
the logarithms of the several powers oi a, viz. a, a% a', &e. 

being 
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being 1^ 2^ 3, &c« we might have interposed in the preeediog 
table, 

log. 2.7182818 =1.0000000, 

log. 7.3742037 being the square of 2.7182818) = 2.0000000, 

&C. SS.&C. 

Hence, in this system, the numbers whose logarithms are 1, 2, 
3,&c. are decimal numbers; and from this arcumstance they 
are very inconvenient for ordinary arithmetical calcinations. 

181. In the common system of logarithms, the base a= 10, 
.-. a'= 100, a'= 1000, a*= 10000, &c. ; hence, if the nMmft^i 
be 1, 10, 100, 1000, 10000, &c. their logarithms are 0, 1,2, 
3, 4, &'c.; and to construct the table for the intermediate 
numbers, we must find the value of Mwhen a =10. Now, in 

the system whose modulus is jW, log. ^;t=---(n— ^w'+iw? 

— inV+&c.); let Af=l, then hyp. log. N=n-in*+in^ 
.— jn*+&c. ; hence, in the system whose modulus is M, log. N 

JiypAog.N ^^^ 2yr=10, then log. iQ^'^yP-^^f- ^0, butm 

the common system, log. 10=1, .'. l = J^El--& — ^ and 

J»f=:hyp.log. 10= (by table, in Art. 179.) 2.3025849. We 

2 

are thus enabled to find the value of r^ which is the common 

2 2 * 

multiplier of the series at the end of Art . 178, for -— = ^ .,^^>a ^ 
^ ^ M 2.30258*19 

ss .86858896. To construct a table of common logarithms,there- 

'2 . ' ' 

fore,wehaveonlytosubstitutefor-=r>itsvalue thus found, in the 

generalseries ^(^+^^^^+^^^^ +&c.)+!og.(2\r-2). 

Thus, . , 

Log. 
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Log. 

2 =.86858896(g+i4+g|5+&c. to 7 terms) =0^010300 

S ==-8^858896(|+^3+^5+&c- to 10 terms) =0:4771213 

4 =2log,2 . . . . ==0.6020GOO 

5 =%ir=^log. 10^1og.2=l -Iog.2 =0-6989700 

S ==log.3+log. 2 =07781513 

7 «.86858896(|+g^+g^+^) +log. 5 . . =0.8450980 

8 =log. 2'=3 log.2 . > 5=0.9030900 

. 9 =log.3'=2 lQg.3 . • =0.9542426 

10 = . =10000000 

11 =868S8896(^+~+g-^)+Iog.9 . . . =1.0413927 

12 =log. 2+log.4 ................... =1.0791812 

13=.86858S96(^4g;Yi5+g3^5)+log.il .. =M139434 

14 =log.7+log.2 =1.1461280 

15 =log.5+log.3 =lil760913 

16 =r=log.4'=2log. 4 =1-2041200 

17 =86858896(-^. +3^16' "^506^) +^''^- ^^ ^ =1-2304489 

18 =log.9+log.2 . . . . =1.2552725 

19=.86858896(^+~g3+g^)+log.i7 .. =1-2787536 

20 =lo^. ib+log. 2 *'. . =1.3010300 

21 =log. 7 +log.3 ,. =1.3222193 

22 =log.ll + log.2 =1.3424227 

23=.86858896(^+^+g;|^5)+log.21 .. =1.3617278 

The next number wLich requires calculation by means of the 
series^ is 29; and from this number to 400 inclusive^ two terms 
of the series are sufficient to make the logarithms true to Jplaces 

of 



206 LQGARITHirs; 

of decimals. After 400^ orte term is sulBcierit ^ thus log. 401 
. ^-86858896 ^ ^^^ ggg _ .0021714724 + 2,6009729 == 

2.6031444 (very nearly) ; and in this manner the table might 
be continued with great facility to any extent^ by means of the 
logarithms previously calculated. For the most expeditious 
manner of dividing the number .86858896 by the denomkiaters 
of the several fractions composing the series^ and for the mannar 
of Using logarithmic tables, the reader is referred to the Prefaee 
annexed to Dr. Hutton*s Tables. 

182. Sincft log. 1 =0, log. 10= 1 j log. J[00=2 j log. 1000 
r=3, &G., it follows that the logarithms of all number^ between 
1 and 10 will be some decimal number less tha6 unity ^ between 
lOandlOO^ some decimal number between 1 and2; betwec^'lOO 
and 1 000, some decimal number between 2 and 3 ; Scc&c. The 
whole number annexed to the decimal is called the index or 
characteristic of the logarithm ; and consequently for all numbem 
between 10 and 100 the index is 1 ; between 100 and 1000, 
the index is 2 } between 1000 and I OOUO, the index is 3 ; ^c, &c. 
From the circumstance of log. 10=1, it also follows that the 
logarithms of all numbers in (Jecup/e proportion inVoIve the 
tame decimal number, and differ only by their index. 
Thus, Log, 1132 . . . .^ . =3.0538464. 

Log. 113.2= log. ij^=log. 1132-1=2.0538464. 

Lag. 1 1.32=log. ^^=log. 113.2-1 = 1.0538464. 

Log. 1.132=log. U^=log. 11.32-1=0.0538464. 

Log. 1 r.32=log. ilj^jf =log. .1 132.-" 1 = 1.0538464. 

Log. .01132=log. d|i?=log. .1132-1=2.0588«M. 

Log. .001 132=?log/^~?=log.01 132- 1 =3.0538464| 

whers 
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\ the iifgatWe sigii placed under die mdesc of the last three 
k^ftrithms shews that it is the logarithm of 9i fraction. To 
find the real logarithm of the number^ th^ dedmal part must 
be subtracted from the index, and the negative sign annexed 
to the result. 

183, The foregoing property, belonging to that partienlar 
system of logarithms arising oat of the supposition of the base 
as 10, is not only of great practical utility in their application 
to arithmetical purposes, ' but s3so very much facilita^tes the 
construetion and use of the tables founded upon that system. 
Since the same decimal logarithm always applies to a number 
^consisting of the same digits, it follows that in the construction 
of a table of common logarithms it is only necessary to register 
the digits of the number and the deeimal logarithm in parallel 
cx)lunins ; for the index of the logarithm may always b^ deter- 
mined from the actual vatiie of the number, and vice versa^ the 
actual value of the number may always be determined from the 
indca; of the logarithm. For instance, in the common tables 
where the logarithms are registered for all numbers consisting of 
five figures, the deeimal logarithm belonging to the number 
98637 is .9940398 ; if this number be a whole number, then 
since it lies between 10000 and IOOOO6 (the index of which 
is 4) wc know that its logarithm is 4.9940398; if a dedmal 
point be placed before the last figure, then the value of the 
number is 9863.7 (which lies between 1000 and^ 10000) and 
therefore its logarithm is 3.9940398 ; if a decimal point, be 
|>laced before the last figure but one, then theniimber is 986*37> 
and its logarithm 2.9940398 ; &c. &c. On the other hand, if 
the logarithm 1.9940398'was given to find the corresponding 
number, then since the decimal part of It belongs to the digits 
9863.79 tuid since from the index of the logarithm we know that 
tbe number lies between 10 and 1 00, the figures 98637 must be 
so pointed as to make the number lie between 10 and 100>viz« 
'98.637 S' 8ic*&Cn The utility of this system was so obvious^ that 
^ * * B B the 
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the tliUes for ordinary purpoees were founded iipQn it^ery mm 
effer the invention of logarithms. For further information fipoii 
this subject, the Reader is rrferredtotheAppendixof Mr. Wooi>- 
taotrsB^B Trig<mometfy,EA. 1809. 



* On the application of Logarithms to Complex Arith^ 
metical Operations. 

184. Logarithms are of no very great use in the ordinOiry 
operatjions of multiplying or dividii^ one number by another; 
it. is in the raising of powers, and the extraction of roots, 
and in their application to compHcated numerical expressions^ 
that their utility most plainly appeals. 

EXAMPl^B 1. 

Frnd the 5th root of 2593. 

By Art. 175, the logarithm of the 5th root of 25 93 as 

log. 2593 _3.4138025 ^qo^cak i ' a qiho .w z.u 
" '' 5 ' ' — 5 =» •6827605= log. 4.8168} .\ the 5th 

root of 2593 =4.8 168- 

Exam. 2. 

P- J *k 1 r*u \^ .• 2^x3^x2.013 
Frnd the value of the fraction .. . >;, ko^^ - • 

17x9350 

By Art» 1 74, the logarithm of this fraction is equal to t)ie 

log. of its numerator mirms log. of its denbminator. 

ByArts. I73yi75, log.2~x S^x 2,Ol3i=20log-2+7.1og.3.+lo:gfiaX}lS. 

. , • and,log.l7x9350=log. i7+log. 9350. 

Nw20xlog.2=6.0206000 . . log. 17== 1.2304489. 
7 xlog.3=3.3398491 . . log, 9350=3.9708116/ . 
log. 2.013=0.3038438 , ' 

By yi^ition " ^9.6642929 (J). 5.201S605 (^). 

Subtract (JB) from (A), and we have 4^630324, whu* i* 
the logarithm of 29042^ the number required. 

£X4M. 



TO COIMCrUX ARlTBlCBTlCAt OFSBATIONSU 1^1 1 

Exam. 3'. 

Rnd the value of y^ElI5!H512S 

Call the numerator of this fraction {N)^ and ^ts dBnomU 
naior (n) ; 

Now log.(317)'=2 xlog.317=5.002ll86. 
log. v'SssixIog. 3=0.2385606. 
log. ^/5=txlog. 5^ =0.2329900. 

5.47^6692ttiog.JV: 
log. 25 1=2.3996737; 

.-. 3.073995S=i«».;v-ioy.». 



logarithm of 4.1 19 for the number requi^d. 
* Exam. 4, 
Find a fourth proportional to the 6th power of 9^ the 4th 
power of 7^ and the 5lji power of 5. 

Let x=the number required, then 9 : 7* ;s 5^ : j;ss ■ .^ » 

.-. log. X a= 4 log. 7 + 5 fog. 5-^6 log. 9 = 3.3803920 + 
3.4948500- 5.7254550 = l.l497870slog. 14.1 18; hence 
a;=14.118. 

» c i?-j^u 1 ^31x33x255x315. 

Ex.5. Find the value of -^ — r-^ — 5-r— 

35x357 
, Answer, 6576.4* 

Ex. 6. Divide the 20th power of 2 by the 12th powei^ 6f 3. 

Amsw. 1.973. 

Ex. 7* Find a third proportional to^ 1 1 7 ami ^Z W* ^ 

Answ. 10.252, 

Ex. 8. Find the value of ^f 535x^ U x >^7l00. 

>sJ/2. 
Anhw. 3.897- 



LI. 

On the Summation of Geometric Series. 

185. Li^arithms are found very useful in ascertaining the 

value of S in the equation 5*= — ^ or —. , where a is 

^ r— 1 1— r 

the first term, r the common ratio, and n the number of terms 
of a geometric scries. , 

Example I. , > 

. - ^ 3 9 27 

Find the sum of 20 terms of the series I5 ^5 -« ^9 &c« 

Now log. (1)*'= 20 X log. |. . • . 

=i20 X (log. 3-log. 2.) 

=3.52 18260= log. 3325.262; . 

/. (?\»:»3325.262, 
Heuce S= 2 x (!"- 1) =2 x 3324.262=6648.524. 

Ex. 2. 

5 2'? I'iS 
Find the sum of 10 tenuis of the series 1^ -, ',-—^ Stc. 

6 3b 2ib 




Herea=I, 

r 
"noB 



Nowlog.(|)'VlOx:log.| 

. =10x(log.5-l<)g. 6.) 



=10 X -.0791813. 
= -.7918130. 
=.2081870-1.0000000. 
=log. 1.6150-log. 10, 

Hence S=6(1-|Q=6(1-.161^)=5.08L 

186. If the mm. of the aeries, the common rath, and tKe 

frst term be given; the number, of terms may be found thus ; 

Since riS-S=ar*— a; 

By transposition^ ar"=riS— S+a, » 

« r S-S+a , 

and r*= — — ', 

a 

.♦.log. r" or » xlog. r=log. {rS-S+a) -log. a. 

„ log. (r S-5+g)-log-q 
Hencen= "^^ log.r 

Ex.3. 

The sum of a geometric series is 6560, its^first term 2, and 
commmratio3. What is the number of terms ? 
Here 5=6560,-^ . log. (rS-gr+a)-log.a 

r=3; J _ log.13122.-log. 2 

log.;* 
_ 8.8169704 _p 
.4771213 . ' 

Ex. 4. A servant agreed to serve his master for one jfear 
(13 months), at the rate of sixpence for the y5r5^ month, a 
shilling for the second, two shillings for the third, and soon ; 
What had he to receive at the end of the year ? 

ANtWBB, jf .204* 15i. 6d. 

Ex.S. 
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5 25 
Ex. 5 • Find th^ ^um of ,1 1 terms of the series^ 1^ r^T?^ ^* 

4 lo 

Asm. 42.588. 

Ex.6* The;$ia«|of a g^eotnetric series is 1023^ the first 
term 1 , and fomnum ratio 2 ; Find the number of termsM 

Answ. 10. 

Ex. 7- "^ A person undertakes- ^journey of 864 niilts^ going 
one mile' the^^i^ day, three the second^ nine the third, and so 
on; V/hm will h« arrive ilt his journey's end} 

Answ. in 6 days. 

LII. , 

On Ctmptmnd Interest. 

Let (P) be the principal, or sum put out to compound in-^ 
terest ; (f) the fraction which expresses the raid of interest pef 
cent.; {A) the amownt at the end of ^n) years; Then the 
followingTheorenfisnmy be esta))lished^ by means of logarithms. 

Thxoebm 1. 
187. '' Log. A^log. P+nx hg. (1 +r)." 
For since £.1, at the end of the jfr^^ year, becomes 1 +r, 
and that the amount is increased each year in the same nAo^ 
we l^i^c^ by the ruleof proportions 
1 : 1 +r :: P : P{i +r) ^amount of Patend ctfirstyeBX. 

. 1 i\+r:\P{V^.rSiP{\ + rY^ secondytiwr. 

l:l+r::P(l+r)*:P(l+r)'=^ - - Mirdyear. 

&c, ' Sic^ 

So that, at the end of n years, the amount is P (1 +r)*. 

Hence -^=P(l+r)"; 
and, taking the logarithm, log. ^=log. P+nx log. (1 + r) . 
From which we deduce. 

Log. Psslog. ^-^n X log. (I -l-r). 



Log.(t+r). ^ 



and 



- log. (l+r) 

Any l&f^6 of the quantities^ P^r^ n^ Wngghren^ ttut fourth 
iday therefore be foundl 

Thbor. 2. 

188. « Let ^=mP, then m^ x ■ ^?^;^ , ,^ 

- log. (l+r) 

■ ' For, in this case, wP=P(l +f)*. 
Divide by P, then w=(l +r)\ 

Takethel(^arithm,tog.f»=»x lo5,(l +r); .*.w= . ^'^ . 

By means of this Theorem, we ascertain the period or number 
of years in which a snm of money would double, treble, ifci or 
amount to m times itself,' when put out at compound interest, 
atr rate percent. 

Thkor.3. 

1 89. ^^ Suppose the interest to he paid half yearly , and ai the 
f^ same time converted into pripapal, then miU log. Atahg. P 
^' +2nxfog.(l+ir)/' •. 

For in thk ease, 2ii imist be aubstitiited for n, and ^r for r. 

Hence, at the end of n years, ^=P(1 +ir)^ ; 

and, taking the logarithm, Ic^.y^sslog. P+2nxkg.(l-f'fr). 

ThboouI. 

190. '^ Suppose now, that besides the intensst bring eanverted 
^< into principal at the end of every year, the suf^ P is ai the 
/isame time imiesied in cdpitah then tbfian^wii (J)m at the 

end of n years, will be ?S!^~^ (If S=l+r).'^ ^ ' 

In this case, the principal (P) is put out for n, »*• I', «t2,, 
&C. yea^, in suecoision ; the amount therefore is the sum of 
tiie several amounts olF (P) put out for n, n-* 1,' is«<^2, &e. 
years; l. .,,:•. . ;| 
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.•.^=P(l+r)"+P(l+r)— +P(l+r)"+&c.PJl+r). 

=(if 1 +r=fi)PU*+Pfi"-'+Pii— +8cc PH. 

=P(»-+i^-+l?-"&e. ..... fi). 

saP X (Geoin.Prog.^r*/ term if, common ratio R) =—^0^7^ — '* 

_ PR{R'-\) 
- R-i ' 

ExAMPLB 1. 
< What would be the amount of 200/. placed out for 7 jean, 
at 4 per cent, compound interest ? 
HereP»200, 

.byTH.l.log.^=lo^.P+nx]og.(l+f). 
s:log.200+7xlog.l.04. 
=2.4202631. 
=]og. 263.18. 
Hence, -4=263/. 3*. 7} J. 



1 

i4r=l4.i. 



= 1.04, 

«=7i 

Ex.2. 

How much money must be placed but at compound interest, 

%o amount to 500/. in 12 years, at 5 per cent ? 

Herew^sSOO, 

^Th. I. kg. P=log.u4.-jixfagf..(l+r). 

. =log.500-12xlog.l.05. 

=2.4446984. 

=log. 278.41. 

^Hence, P=278/. Ss. 2\d. 



1 

*'*20' 



=1.05, 
12. 



Ex. 3. 
At ndiat rate of intoest must 400/. be plaeed .oat, that it vatf 
amount to 569/. 6 f . '8 </. in 9 years, at compound interest ? 

ByTh.l.log:(l+r)=l2ML-22S:^. 



t. t. d. 

Herewjfs9569;6.8. 
P«400, 



_ log.589.33 -log.400. 
, ~ 9 -.. 

= .0703338; . 

=log.l.04=log.(l + i). 
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Hence l+r=:l + ri5 



;. /•=--, or rate of interest 4 petr cent. 
25 



Ex. 4. 

In how maity years will hOOl. amount to 900/., at 5 per 
cent, compound interest ? 



Here ^=900, 
P=500, 
_ 1 
"■"^20' 
l+r=1.05. 



ByTheor.l.n='^g;-^7^^g'-^. 
log. 1+r 

^ Idg. 900 -log, goo 

• log. 1.05 



.2552725 
\ 0211893 



= ] 2. 04 years. 



Ex.5. 

In what time will a sum of money double and treble itself 
at 5 per cent, compound interest? 

By Theor. 2. f since r= ~V. 

/ ^ \ 20/ • 

Um^2,thentimeoUoublmg^;-^^^ 

log. 1 « 05 *\}Z i 1 o9o 

o rx 77- log.3 .4771213 ^o A 

Ex. 6. . , 

Supposing the interest to be paid half yearly, what will be 
the amount of 500/. in 8 years, at 5 per cent, compound 
interest? 



H»eP=500, 

_ r 

"^■"20' 
1+^=1.025, 

• n=8. 



ByTh.3.1(^.^=5:lpg.P+27ixlog.(l +ir). 
=log.500+ 16 X log.( 1 .025). 
=2.?705524=slog. 742, 2;5. 
Hence ^=742/. 55. 



FF 



Ex.7 
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Ex. 7. 
Suppose a person to place out annually: lOOZ. for ten suc- 
cessive years^ and suffer the .whole to acd^ulate at the rate oi 
5 percent, compound interest 3 What sum would he have to 
receive at the end of the tenth year ? 

Here P= 100, ^ /. by Theor..4. 

fi=1.05A Pfl(Jg"— 1) I0^(i:05i*«-rl) 

=2100(U)5^io~l). 
Now log. (1.05)^°= 10 X log. 1.05. 
>.2118930. 

=.log. l.«289; .•.(l;05)>o-.l=.6289. 
Hence ^=2100 X. 6289. 
= 1320Z. 13^. 9|J. 

Examples for Practice, 

"^ Ex. 8. What would be the amount of lOQOZ. placed out 
at compound interest of 5 per cent, for 10 years? 

AiNswBR, 16281: lijs. 

Ex.9. What sum must be placed out at compound in- 
terest, at 4 per cent., to amount to 2000/. in 1 5 years ? 

Answ. inOl. Us. 

Ex. 10. At what rate of compound interest must 518/. 6^. 
be placed out, to amount to 600/. in 3 years ? 

Answ. 5 per cent. 

Ex. 1 1. In how many years will 200/. amount to 318/, \6s^ 
at 6 per cent, compound interest ? 

Answ. g years. 

Ex. 12. In how many years' will a sum of money double 
itself, at 4 per cent, compound interest ? 

Answ. 17.6^year8. 

Ex. 13. 
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fix. I3r Find the amount of 1200Z. put out to compound 
interest at 6 per cent, for 1 years^ the interest being converted 
into principal every, half yes^r. 

- Ans. 2167/. 65. 

Ex. 14. Suppose a person to place out annually the sum of 
202. for 40 successive^ars, ai^d suffer the whole to accumulate^ 
at the rate of 5 per cent, compound interest ; VVhat would he 
have to receive at the end of the 40 years ? ■ . ' 

■' ' ' Ans. 2536/. \6s. 

LIII. 

On the method qf finding the Increase of Population 
in any Country ^ under given circumstances of Births 
and Mortality. 

191. *^Let (JP) represent the population of a country at 
*^ any given period ; ( - J the fractional part of the population 

«^ which die in a year (or ratio of mortality) ; l'j\ the propor- 

•^ tion of births in a year; then, if {A) Tcpresents the state 
*' of the population at the end of (w) years, log* ^= log. P 

«4.»xl<«.(l+^')." 

The rate of increase of population in one years = -''; 

b ^m ml 

V. 1 : 14-??-^:: P : P (l+^^) =stateof populatiohat 

th«f end of the first year. 



But it is increased every year in the same proportion; 

the population at the end of Uie second year. 

In 



'-'•''+ mb 
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In the same manner we may prove^ that the state of the 
population at the end of (ra) years will be P l\-\ — -y-J. 

Hence ^ = P/l+^\"; 

andlog. -4 sslog.P.+nxlog. /l+ — r-j. 
From which we deduce^ 

Log.P=log, A-nx\og. (^+^^)- 
^_ log.^-log. P 

i™.(i+H::;-')_!^i:tL!s^. 

^ mb ' n . . 

Of the quantities ^, P, ?», i, Uy any four being given, -the 
Jif'th may therefore be found. 

Example 1. 
Suppose the population of Great Britain in the year 1800 to 
have been ten millions ; that 1th part die annually y that the 
births are to the deaths as 40 : 30; and that no emigration 
takes place during the present century ; What will be the state 
of its new population in the year 1 fK)0 ? 

Here /,= 10000000,1 NWlog.^=log.P+»xlog. (l+^) 

mo ' 



72=100, 

m=40, 
i=30; and 



121 

=log.l0000000+ lOOx log.||Q 

= 7.36042(00 



.-.1 +^*=r^' \ =Iog. 22930000. 



mb 120 



Hence ^=22930000. 



Exam. 2. 

Suppose the population of France, in the year 1792, to have 
been 27000000 ; the ratio of morialiiy during the 18th cca- 

tury 
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tttty to have been ith, and the number of lirths ^th ; What 
was the state of its population in the year 1700 ? 



.M + 



Here ^=27000000,:] 

«=92, 

772=30, 

i=2e, 

m-b 196 



mb 195 



Log.P=:log.^-n X log. /l +^/\ 

196 
=lqg.27000000-92 x lo^.^ 

st:7.2269858 
==l6g. 16864896^ nearly ; 
/• P= 16864396. 



Exam. 3. 

. Suppose the population of Notth America to have been five 

millions, in the year 1800,; In how many years will it amount 

to 16 millions, taking the riatio of mortality at i^h^ and the 

:anaual prbponion of births at ^^h? ■ 



.-.1 + 



Here'^- 16000000,1 
P= 5000000, 
tn— 45, 
b=24; 
m-b 367 



nd) ~360* 



log. ^ -log. P 



_ log. 16000000 -log. 5000000 

log.i^ 
* 3G0 

.5051500 «n o . 

=lK)83656=^^-^>""^" . 



Exam. A. 

The population of a province in the year 1 760, was estimated 

at 500000 persons ; in the year 1 800, it amounted to 720000 ; 

from the bills of mortality it appeared, that, upon an average, 

i-th part of the population had died annually; no 'register had 

been kept of the births; What was the annual proportion pf 
them during this period ? 

Here 
^=720000, 
P=500000, 

nx=40. 



utU^% ^-^-^-^ , 



rnb 



^H-C (l I 50-^\- »os»720000-log.500000 



40 
=.0039590=log. 1.009. 
Hence 
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Hence l+«?X.*=i.009 = l + j^ 

,50-b 9 
and- 



50i 1000' 
.-. 50000- 1000*=4506, - . ^ 

, 50000 „, . 
°'*=1450=^'-^' 

The annual proportion of birth^j therefore^ was about ith. 

192. But '• in any country, under given circumstances of 
** births and mortality^ the fraction ;;:;-i8 always s^: given quaor 
"tity ; Let it be represented by i ; then the relation betweea 
'^ the four quantities AyPypyUy is expressed by AiszP Yl +-1)*^ 
"If A=mPy we/ have mP=:P (1 + -)*, or m=s(l.^i)«. 
*^ and taking the, logarithm, log. mz=n x log. M + i.\ • from 
*^ which we deduce the six following formulae.'^ 

/ 1\ *'* 

I. Log.^=log.P+wlog. \1+J. 

II. Log. P=:Iog.^-7Zlog..(l + h. 

III. ' ,Jo^.A-lo,.P ^ 

log.(l4-i) 

V. n= - ^^' ^. 'i for finding the period in whidi 

log.(l+l) 

the population would be increased m times. 

VI. Log. (l + l)t:^*.2Sl^/ for finding the rate (-) fat 
which the population would be increased m times in n years* 



The 
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The following Questions are intended to illustrate the use of 
these formulae, in' the order in which they stand, 

QUBSTION 1. 

Suppose the population of a country to begin with sijrper-^ 
sons, and to increase annually by j- th of the whole ; What 
will be the state of its population, at the end of 200 years. 

Answer, 1 106400 persons. 

Question 2. 

If (as stated in the 3d Exaipple) the population of North ^ 
.America was five millions in the year 1 800, and the rate of increase 
had been — th for 50 years previous ; What was the state of 

iits population in the year 1750 ? 

Answer, 1908930 persons. 

QOESTION 3. 

Suppose the peculation of an empire to ^be 40 miliiqns, and 
the annual increase -i~th; How long will it be before it amounts 

to 50 millions ? 

Answer, 43. 6 years. 

Question 4. 

What mu^t be the rate of increase, that the, population of a 
countr}' may be changed from 1 106400 persons to five millions, 
in 100 years ? 

Answer, about i.th, annually. 

Question 5. 

By means of the formula n= — ^ — --• verify the following 
Table. '^•(* + i) 
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I 

p 


Period of doubling 


Period of trebling 


Period of being increased 
10 times. 


1 

120 


Sd^jean 


132|. years 


277.4yean 


1 
62 


36^ years 


57.6 years. 


120.8 years 



QyESTioN .6. 

What must be the annual increase of population in 'bAj 

country, that it qiay double itself every century ? ^ 

AnsW. Between ^ , j JL.L 
X i35dandx55th. 

193. M. Humboldt affirms, that in 1793 the population of 

New Spain amounted to 4483529 persons ; and having found, 

from authenticated r^stersofbirthsand deaths, thattheybnrier 

tae about -^h, and the latter about* Ith of tfce whole pouula- 
,17 aro ^ '^ 

tion, he estimates the, population in 1803 at 5800000 persona; 

and afterwards asserts that in 1 808 it may be expected to amount 

to six millions and a half. In this case, P= 4483529, 77i=30, 

i= 17,and 1 +!^=S If n=10, log! ^=log. 4483*29 
tnO 51U 

+ 10 (log# 523-log. 510) =:6.76093'49 =log. 5766800; 

and if 72= 15, then log. J =6.8155924 = log. 6540220. 

M. Humboldt's statement therefore a<:eordsvery nearly with this 

method of caiculatiob ; as it appears from it, that in 1803 the 

population would amount to 5766800, and in 1808 to 6540220 

persons. 



LV. 
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LIV. \ . . 

On the Solution of Exponential Equations. 

194. Expofiential equations are such as contain quantities ' 
with unk/iown or variable indices ; and their solution consists in 
making such a separation of the known and unknown quantities^ 
as to express the latter in terms of the former. The n^tthod of 
doing this will be understood by attending to the solution of 
the following Examples. 

, Example h . - 

Find ilie value of x in the equation ce'^l. 

Taking the logarithm of the equation (fszl^ we have ^ 

x.\os^azzios, b, /. x= , ^' ■■; thus, letr 0=5, t=100. then 
log. a , ^ 

. .u *• Ks lAA log. 100 2.0000000 oQ«>i 

m the equation 5* =s 100, x= --5 — --:5s^___-=s 2.864. 

" ' . log. p 0.6ii89700 

Exam. 2. 

To Jind the value oj^x in the equation af:=,c. 
Assume^*^ i'=y> then a^^c^ and y.log. a:±:log. c, .*. 3/= 

l^iJ? ; hence If^^^^ (which let)=(Z. Take the logarithm 
log. a log. a 

of 'the equation tf^zdy then (by Ex. 1.) x^~-;\ thus, let, 
. ** log. I' 

a=9, 4=3, c= l.OOO^then in the equation 9"= 1000, 2!^=? 

. J V /» j^g J jQg 3 .4771213 

= 1.04. 

Exam. 3« 

: 1 "";^ r* 

(^) In considering the nature of an exponential of the form a ^% it should 
be recollected that it means, a i9 tkg power of k*, and not a^ to the power of x, 

CG 
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Exam. d. 

Find the value of x in ilie equation — -~i_=tf. 

By reduction ab^zizde-^c, .\ log. ai*=log. (de—c); and 
by Arts. 1/3, 175, log. a + x.log. i=log^ {de—c) ; hence 

X. log. 6=log. (die— c)— log. a, and a:= PS* \ ^"" -, 5^— • 

Exam. 4. 



3" 



Find the valtie ofxin the equation a*= v__^ . 

Taking the logarithm, we have ^xlog. a=log. yJV—c 
-log. id'e)^=l\og. (i^-O ^ilog. d^e^l log. (i + c) (i-c) 
-i(3Iog. d + log. ^)=ilog, {b+c)+l (log. i~c)-|:log, d 
—i log. e; hence x=: 

^log. {b + c)+i\og. (b-c) -|log. d-jlog. e 
^og.a 

Exam. 5. 

Make such a separation of tfie quantities in the equation 

{a'-^by^a+b^astoshewthal--^ _ ]Qg' (fl + ^) /- 
- 1— x~log. {a—b) 

Taking the logarithm, we have 

x.log. (a*— t*)=log. (a+t), 

or X. log. (a+Z')(a— t)=:log. (a+b), 

i.e.j:.log.(a + i)4-^.log.(a— 6) = log. (a + J). 

Hence x.log. (a— 6)=log. (a+i)-x.log.(a+i) s- 

[(1-x) log. (a + i)'. 
. a; log, (a + b) 
* ' 1— a;~"log. (a— i)* 

Exam. 6. 

112 

Find the value^ofx in the equation ^0^4. ;-=:-*-«»+ 1 • 

5 3 15 

- 1 2 \ 1 I 2 

Bytransposition,'p^— —ja'ssl— -, or-r<i'=r; .'.a'=10,. 

and x.los:. a=log. 10=1 ; hence a:=, '• 

° " log. a 

Exam. 7. 
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.Exam. ?• 

5 "k 

Given log. a? + log. y = 5, 

. > to find the values of x and y. 
and log. a— log, y =2, 

5 1 

By additiofiy 2 log.a:=5+g=3, but 2.log. a?=log.a?*; 

therefore log.x'=3, and (by Art. 18l)x'=1000^>; .\x:=^ 

5 1 
<y 1000=3 1.62. By mhtractum, 2.log. y=r---=:2j 

•••log. jf'=2, and (by Art. 181)y'=!l00j •-.y^lO. 

195. We have thus endeavoured to explain^ in as concise 
a manner as the subject will admit of^ the nature and use of 
logarithms^ with the method of constructing logarithmic tables; 
and have shewn their application to a few common arithmetical 
purposes. But it is not in its application to such purposes as 
these^ that we can form a just and adequate idea of the value 
and importance of the logarithmic calculus; its utility discovers 
itself in every branch of mathematical science ; and in point of 
extensiveness, there is no invention of modern times, at all to be 
compared with it. The great purpose to which it was first 
applied^ was to facilitate and expedite trigonometrical, calcu- 
lation^; but it has since been had recourse to^ with eminent 
success^ in the most abstruse and intricate analytical investiga- 
tions ; and in this respect the subject is well worthy the attention 
of every Mathematical Student, as one of the best means of 
laying a solid foundation for his future studies. 

(') For «* is the namber whose logarUkm\i 3, i.e. tOOO. 



THE END. 
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